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Survey Paper

Survey of AdvancedSuspensionDevelopments and
Related Optimal Control Applications*

D. HROVATt

Simple, mostly LQ-based optimal control concepts gave useful insight about
performance potentials, bandwidth requirements, and optimal structure of ad-
vanced vehicle suspensions. The present paper reviews these optimal control

applications and related practical developments.
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Abstract—The paper surveys applications of optimal control
techniques to the design of active suspensions, starting from
simple quarter-car, ID models, which are followed by their
half-car, 2D, and full-car, 3D, counterparts. While the main
emphasis is on Linear–Quadratic (LQ) optimal control and
activesuspensions,the paper also addressesa number of related
subjectsinchrdingsemi-activesuspensions;robust, adaptive and
nonlinear control aspects and some of the important practical
considerations.~ 1997ElsevierScienceLtd.

1, INTRODUCTION

As is wellknown, conventionalvehiclesuspensions
achieve the road-induced vibration isolation
through passive means such as springs and
dampers or shock absorbers. On the other hand,
the active suspensions are characterized by a re-
quirement that at least a portion of suspension
force generation is provided through active power
sourcessuch as compressors,hydraulicpumps, etc.
Practical applications of active suspensions have
been facilitated by maturing of microprocessors
and associated electronics,which in turn also in-
fluenced actuator and sensor developments. As
a result of this matured infrastructure, the active
suspensions have attracted considerable attention
in the mid-1980swith the widelypublicizeddemon-
strations of the Lotus Esprit experimental vehicle.
This car evolved through many years of R & D
work. A January 21, 1987New York Times article
describes the vehiclecapabilitiesas follows:

“Test drivers usually emerge from the car with
their imagination in overdrive.‘The greatest single
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advance in car engineeringsincethe war,’the Brit-
ish magazineCar declared on the cover of a recent
issue. Car’s editor, Steve Cropley, wrote that one
could take the benefits of all other modern auto-
mobiledevelopments,‘addthem up and double the
total—and you might come somewhere near the
degree to which full active suspension improves
a car’.

Doug Nye, a contributingeditor of the American
magazineRoad & Track, said he was initiallyskep-
tical, but ‘in fact it is amazing’.He said, ‘I’vebeen
writing about cars for 24 years and honestly found
it the most impressivething I’veever tried’.”

As always, these statements contain some hype
and should be taken with a grain of salt. In particu-
lar, the above commentsrefermainly to substantial
improvementsin vehiclehandling under somewhat
specializedand severemaneuvers.The correspond-
ing improvementin ride comfort,whichisprobably
more relevant to an average consumer, was not
demonstrated then, and required further work.
Nevertheless,the early demonstrations pointed to
potentially “leap-frog” function improvements in
vehicleride and handling, with related impacts on
overall vehicle controls and safety. This, in turn,
spurred increased industry-wide activities, which
eventually resulted in the introduction of the first
narrow-bandwidth or “slow-acting”activeproduc-
tion units from Nissan and Toyota.

Some of the potential benefits of active sus-
pensions were predicted decades ago by the first
pioneer researchers. Indeed, the optimal control
techniquesthat were “launched”with Sputnik and
used in the aerospace industry since the 1950sand
1960s,have also been applied to the study of active
suspensions,starting from about the same period
(Morman et al., 1982).Early investigations(Bender
et al., 1967;Karnopp and Trikha, 1969)used the
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simplest possible, one-degree-of-freedom(DOF),
quarter-car models. The resulting optimal suspen-
sion design problem fits naturally into the Lin-
ear–Quadratic-Gaussian (LQG), or equivalently,
the Wiener–Hopf setting. It will be argued below
that, despite their simplicity,these early contribu-
tions had a profound impact on the practical
implementation some 15–20years later, when the
utilization of these theoretical results was made
possible by the ever increasing capacity of micro-
computers in the automotive industry.

It should be pointed out that the design and
synthesisof active suspensionscan be approached
from many avenues:modal analysis(Williamsand
Wright, 1986);classical techniques, such as root
locus, Bode, and Nichols plots (Thompson,
1970-1971;Karnopp, 1985;Williams,1985);eigen-
value assignment(Michelbergeret al., 1990);sensi-
tivity analysis (Redfield and Karnopp, 1989);
regionalpole constraints (Yedavalliand Liu, 1994);
Youla parametrization and linear fractional trans-
formation (Smith, 1995);velocity feedback (Lieh,
1996);model order reduction (Lohmann, 1995);
simulation using multibody dynamics computer
models (Orlandea and Chase, 1977; Grubel and
Kortum, 1992; Schiehlen, 1992; Kortum and
Sharp, 1993;Rill, 1994;Kortum et al.,1994),design
ofexperiments(Lamps and Ekert, 1993),and bond-
graph modeling methodologies(Fritz et al., 1994);
optimization+.g. nonlinear programming and
multicriteriaoptimization (Foag and Grubel, 1987;
Zaremba et al., 1994;Mastinu, 1994)and optimal
control (Bender et al., 1967;Karnopp and Trikha,
1969;Hedrick et al., 1974;Guenther and Leondes,
1977;Lu et al., 1984);and, more recently, neural
networks,fuzzylogic,evolutionstrategy and learn-
ing automata (Hampo and Marko, 1992;Yester
and McFall, 1992;Feldkamp et al., 1992;Nagai
and Moran, 1993;Presser et al., 1994;Marsh et al.,
1995;Kashani et al., 1996).While each of these
approaches can bring some usefulperspectivesand
insight,the present paper willfocuson the applica-
tions of optimal control techniques,and especially
on the related work by the author and his col-
leaguesat Ford. It willbe demonstrated belowthat
this constitutes a very natural approach revealing
important global trends and insight such as the
optimal system structure, performance potentials
and trade-offs,and fundamental actuator and sen-
sor requirements. The present survey is in part
based on (Hrovat, 1993,1994).

2. BACKGROUND

This section summarizes background material
needed to formulate the optimal suspensiondesign
problem. This includes a brief introduction of an
appropriate road input disturbance description,

ride performancemeasure,and an appropriate def-
inition of passiveand active suspension actuators.
A more detailed account of each of theseimportant
background topics is given in recent surveys
(Hrovat, 1993, 1994); the present section sum-
marizes only the main related aspects from these
references.

Vehicle ride and handling is influenced by two
main sets of disturbances. One is caused by road
roughness, and the other by different forces and
moments that originate in various inertial and
aerodynamic loadings, as caused by braking, turn-
ing and wind gusts,for example.The load spectrum
is typicallybandwidth-limitedto lower frequencies,
and its effects can be relatively easily checked
(mostlyw.r.t. suspensiondeflections).The most rel-
evant for ride studiesare ground input disturbances
caused by road roughness, which will also be the
main focusof the present survey.Becauseof this, in
a certain sensethe ride optimizationproblem could
be viewed as an equivalent optimal filteringprob-
lem where one would attempt to eliminate the
negativeeffectsof vibrationscaused by road rough-
ness.At the same time it would be desirableto pass
the low frequencycomponents of road inputs that
are necessaryto followthe terrain, while satisfying
the given design and system imposed constraints.

There are many possible ways to analytically
describethe road inputs, which can be classifiedas
shock or vibration. Shocks are discrete events of
relativelyshort duration and high intensity,as, e.g.
caused by a pronounced bump or pothole on an
otherwise smooth road. Vibrations, on the other
hand, are characterized by prolonged and consis-
tent excitationsthat are felton, say,“rough” roads.
Obviously, a well-designedsuspension must per-
form adequately in a wide range of shock and
vibration environments.

In the context of vibrations, the road roughness
is typicallyspecifiedas a random processof a given
displacementpower spectral density (p.s.d.).Typi-
cal measured spectral densities of various terrains
from Sevin and Pilkey (1971)are reproduced in
Fig. 1. An often used approximation of measured
road displacement p.s.d.s for various terrains is
given in the form

S(Q)= Af2n, (1)

where !2 is the spatial frequency,typically in units
of “radians per length”, and A and n are appropri-
ate constants. The most commonly used case cor-
responds to n % – 2. With this value the displace-
ment spectra of equation (1) imply white-noise
ground input velocity,which convenientlymatches
the well-known, standard Linear–Quadratic–
Gaussian (LQG) assumptions for process noise.

The simple expression (1) approximates various
roads with different degree of fidelity (Sevin and
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Fig. 1. Power spectral density of various terrains (Sevin and
Pilkey, 1971).

Pilkey, 1971;Hullender et al., 1972;Healey et al.,
1977;Hrovat, 1993).This is illustrated by compar-
ing the idealwhite-noise-in-velocitycurves(straight
linesin log–logscales)with the two differentmeas-
ured road sectionsreproduced from Smith(1982)in
Figs. 2(a)and (b).It can be seen that the road from
Fig. 2(a)fits the white-noiseassumption quite well,
whereas the comparative fit is less satisfactory in
Fig. 2(b),especiallyfor lower frequencies.

Other, more sophisticated, variants of road
description can be found in Rotenberg (1972),
Bormann (1978),Hac (1987) and Hrovat (1993).
The extensionsof these single-trackmodels toward
a spatial road surface description (Parkhilovskii,
1968;Rill, 1983;Hrovat, 1993)will be evoked in
Section 5 which deals with a full-car, 3D vehicle
model. For the most part the present paper will
address simple, quarter-car models for which
a simple white-noise road description is judged
quite adequate to expose the main potential bene-
fitsand limitationsofdifferentsuspensions:passive,
active and semi-active(Hrovat, 1993).

To contain the above disturbances the design of
ground vehiclesuspensionsis influencedby a num-
ber of often conflicting factors. Good vibration
isolation is required to secure the occupants’ ride
comfort, whereas good road holding is important
for vehicle handling, which in general leads to
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Fig. 2. (a) Comparison of model given by equation (2) with
n = – 2.02 and measuredroad roughnessfor “RochesterRoad
Section’’as per Smith(1982).(b) Comparisonofmodelgivenby
(2)with n = – 1.99and measured road roughnessfor “Section
betweenbroken road and RochesterRoad” as per Smith(1982).

enhanced safety.Key design constraints are repre-
sented by maximum allowable relative displace-
ments between the vehicle body and various un-
sprung mass components, including wheels,bump
stops and protruding parts of the steering mecha-
nism. Additional constraints are imposed by the
overall system robustness, reliability, weight and
cost requirements.

There are many different ways to quantify ride
comfort. This includes a consideration of: root-
mean-square (rms) values of vertical accelerations
measured at vehicle floor or occupant’s seat
location; rms jerk—the derivativeof the above ac-
celeration; as well as more elaborate frequency-
dependent measures (Konik et al., 1992;Hrovat,
1993).Further refinementsare possiblewith more
comprehensive measures, where the interdepen-
dence between various modes of vibration, such as
heave, pitch and roll, and many other factors has
been considered (Stephens,1977;Hrovat, 1993).

It was argued in Hrovat (1993)that for the pres-
ent purpose of establishingthe predominant char-
acteristicsand performancepotentialsof activesus-
pensions, the simple rms acceleration measure is
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Fig. 3. Least squarescurvefit to experimentalrms accelerations
versus mean personal ratings (Smithet at., 1978).

quite adequate and willbe primarily used through-
out the paper. The adaptation of rms acceleration
measure is based on the previouswork by Smith et
al. (1978).The authors conducted a field study
involvingtwo differentautomobiles,78 passengers,
and 18 different road sections to conclude that
“excellentcorrelation was found to exist between
the subjective ride ratings and simple root mean
square acceleration measurementsat either the ve-
hicle floorboard or the passenger/seat interface”.
The main result from Smith et al. (1978)is repro-
duced in Fig. 3 which shows the correlation be-
tween the average or mean personal ratings and
rms acceleration measured for combined vertical
and lateral directions, where higher ratings imply
better ride comfort. Similar correlations were ob-
tained for vertical-only accelerations. Additional
performance measures that take into account the
suspension stroke limitations and tire handling
constraints will be introduced in subsequent
sections.

Differentsuspensionssatisfythe vehicleride and
handling requirements to differing degrees. Al-
though significant improvements can result from
a designer’singenuity, on the average, suspension
performance is primarily influencedby the type or
classof suspensionused. Here one distinguishes,in
an ascending order of improved performance, be-

tween passive,semi-active,and fullyactive suspen-
sions.Passivesuspensionsare those found on most
conventionalvehicles.Roughly,they are character-
ized by the absence of external power sources,
whereas the active suspensions require additional
sources, such as compressors and pumps, to
achieve superior ride and handling performance.
The semi-active (or semi-passive) suspensions
(Crosby and Karnopp, 1973)then fill the gap be-
tween their passive and active counterparts, since
they essentially act as time-varying dampers and
thus offer potentially significantperformance im-
provementswhilerequiring relativelysmall or neg-
ligibleexternal power sources.

It is interestingthat, although activeand passive
suspensionshave been researchedfor decades,most
of the studies neglected to clearly and precisely
define the active/passiveconcepts. Becauseof this,
the “active”suspensionsare sometimesbeing refer-
red to as the ones with “intelligence”in the form of
computers and sensors.This however,may lead to
misclassificationof computer controlled shock ab-
sorbers as “active”devices.

More precise definitions of active and passive
suspensions were given in Hrovat (1979) and
Hrovat et al. (1980).These were based on similar
definitions of passivity and passive operators as
used in electrical networks and mathematics, for
example (Anderson and Vongpanitlers, 1973).In
the case of suspensions, the operator in question
relates the suspensionactuator force with the cor-
responding velocity across the actuator mounting
points (Hrovat, 1993).For passivesuspensions,the
force-velocityrelationship satisfiesthe mathemat-
ical definition of passivity, which in turn reflects
power dissipation requirements characteristic of
passiveelementssuch as springsand shock absorb-
ers. This approach was used to establish the pas-
sivity/activityof optimal control laws for simple
quarter-car vehicle models (Hrovat et al., 1980;
Hrovat, 1982).

Before closing this section, it is appropriate to
brieflyreviewdifferentvehiclemodelsthat are used
for designof optimal suspensionride control algo-
rithms. Such a design typically starts with simple
quarter-car models which allow for only ID, verti-
cal or heavemotion. Within this setting,the simple-
st possible,1DOF modelconsistsofjust the vehicle
or sprung mass, which, as shown in Fig. 4, is sup-
ported by a suspensionactuator placedbetweenthe
vehicle and ground. The optimal suspensionsfor
1 DOF models will be discussedin Section 3.1.

For the models used in this work it is a common
practice to assume that the vehicleis moving for-
ward with a constant velocity V. This is often
justified by the fact that in most of the instances
whenride is a primary concern,the vehicleis travel-
ing under constant or slowly varying speeds.
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Fig. 4. 1 DOF model.

Under these conditions the road roughness distur-
bance appears as a vertical input proportional to
Vand the spatial slopeof the road unevenness.It is
in this context that one refersto the so-called“mov-
ing” ground.

Adding a wheel/tire subassembly (unsprung
mass) to the above 1 DOF structure, leads to
2 DOF, quarter-car models.These are discussedin
Section 3.2. The unsprung mass mode is often
referred to as the “wheel-hop”mode, and is charac-
terized by relatively light damping and a natural
frequencybetween 8 and 12Hz. The principalbody
mode or sprung mass mode, is typically around
1 Hz, with activesuspensionsleaningtoward lower,
0.5 Hz-range values.

Typicalhalf-car,2D modelsincludesprung mass
pitch and heaveor verticalmodes,oftenaugmented
by front and rear unsprung-massverticaldynamics.
They are discussed in Section 4. The full-car, 3D
models, on the other hand, include vehicleroll, as
well as the pitch and heave modes and they are
discussedin Section 5. These models consider only
rigid body motions, and are based on lumped-
parameter, linearized dynamics which is well-
-suitedfor applications of the LQG optimal control
technique.

Most of the existing models of automotive ride
dynamicsare characterizedby linear time-invariant
differentialequations. To what extent this assump-
tion remains satisfied is best evaluated through
actual vehicletests, Some usefulrelated results can
be found in Healey et al. (1977),which are also
discussedby Hrovat (1993).

Another set of validation tests was pursued by
Smith and Sigman (1981),and Ruis and Borcherts
(1981),where a linear 2D, single-track, 6 DOF
vehiclemodel was used, consistingof sprung mass
heave and pitch, front and rear unsprung mass
bounce, and engine and passenger dynamics. The
results in terms of measured and predicted C.G.
accelerationp.s.d.s,and leftfront spindle(unsprung
mass) acceleration p.s.d.s are reproduced in
Figs. 5(a) and (b), respectively.The data were ob-
tained with a 1979 Ford Fairmont traversing
Ford’s Dearborn Proving Ground straightaway at
55mph. For the analysis,the measured road spec-

1979FairmontRoadResults
’21 (a)

> II

-6 ~
10 20
Hz

C.G,Straightaway55 mph

1979FairmontRoad Results
-1

-5,~ 20
Hz

C. G. Straightaway55 mph

Fig. 5. (a) Comparison between measured and predicted CG
accelerationp.s.d.sfor a linear 6 DOF model as per Smith and
Sigman (1981).(b) Comparison between measured and pre-
dicted unsprung mass acceleration p.s.d.s for a linear 6 DOF

model as per Smith and Sigman(1981).

trum was approximated via appropriate exponen-
tial/log functions. Comparing the measured and
predicted acceleration,it can be concluded that the
agreement is in general very good for frequencies
up to about 12Hz, with the discrepancy at higher
frequenciesbeing again attributed to unmodeled,
higher-frequency flexible modes, tire unbalance,
and various nonlinearities.

Based on the above work, it can be concluded
that linear, low-order models are in general ad-
equate for optimal suspension control synthesis
and analysis,which servesas a precursor necessary
to establish the overall trends and R & D direc-
tions. Once a candidate suspension has been es-
tablished in this way, further evaluations would
typically proceed via more refined and complex
models that would include flexible modes and
various nonlinear effects. Final evaluation, of
course,stillimpliesthe need for actual vehicletests.

3. OPTIMAL SUSPENSIONSFOR QUARTER-
CAR MODELS

Armed with the background information from
the previous sections we will now review some of
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the many findingsbased on simple,quarter-car or
“Unicycle”,ID vehiclemodels.Thesehavebeen the
subject of many investigationsduring the past 30
years. Here, it is the most appropriate to start with
the simplestpossible,1 DOF models,which,while
neglecting the unsprung masses, still yield some
very usefulresults, forming the bounds for limiting
optimal performance of more complex, higher
degree-of-freedommodels.

3.1. One-DOFmodels
In view of Section 2, the optimal suspensionde-

signproblem for the 1DOF model of Fig. 4 can be
expressed as follows:

minimize{PI= E(x? + ruz)} (2)

subject to the state equations

il = X2—w, (3)

i~ = u, (4)

where the above expectation represents steady-
state mean square values.The states xl and X2from
Fig. 4 represent rattlespace (suspensiondeflection
with respect to equilibrium) and vehicle vertical
velocity with respect to an “inertial” ground—in
practice, a low-frequency“smooth” component of
road inputs. For now and in most of this paper, we
assumethat all the states are measurable and avail-
able for control. The rattlespace constraint is in-
troduced in the performance index (2) to reflect a
limited suspension stroke capability and thus pre-
vent excessive suspension bottoming, which can
lead to rapid deterioration of ride comfort and
possible structural damage. As discussed in the
previoussection,the ground input velocitywis due
to road roughness effects,and is typicallymodeled
as a white-noise,Gaussian process specifiedvia

E[w(t)] = O, (5)

E[w(t1)w(t2)]= 2rcWc2(t1– tz), (6)

where 6(~•) stands for the impulse or Dirac delta
function, and W is the two-sided road velocity
power spectral density,equal to the product of the
road roughness factor A and vehicleforward velo-
city V.

The optimal suspension design problem then
consists of minimizing the performance index (2),
which penalizes excessivesuspension stroke and
sprung mass acceleration u, subject to the state
equations (3)and (4).The acceleration is a conve-
nient control variable in the present setting, and it
amounts to normalizing the original control force
U from Fig. 4 with respect to the sprung mass m
The weighting parameter r in equation (2) acts as
a “tuning knob”, so that larger r results in smaller
accelerations, i.e. improved ride comfort, and in-
creased suspension stroke requirements.

It is interesting to observe that, although the
above problem is in a standard LQ regulator
(LQR) form, the first published solutions were ob-
tained through optimal filtering based on the
Wiener–Hopfapproach (Bender,1967a,b;Karnopp
and Trikha, 1969;Bender et al., 1967;Hullender et
al., 1972;Young and Wormley, 1973).The advant-
age of the LQ approach is that it also applies to
linear, time-varying systems, and there are many
well-developednumerical techniques for its solu-
tion in the most general multi-input–multi-output
(MIMO) setting. Moreover, one can evoke the
Certainty Equivalence Principle (CEP) (Sorensen,
1976),which states that the optimal controller for
the original stochastic problem is the same as the
optimal controller for an equivalent deterministic
problem, obtained by replacing all random vari-
ables by their (minimalms) expectedvalues.In the
present case, it can be shown (Hrovat and Hub-
bard, 1987)that the equivalentdeterministicprob-
lem amounts to replacing the white-noiseground
velocityby an equivalent step in ground displace-
ment (perhaps the easiestway to see this is to think
in terms of transfer functions with white-noise or
impulseas ground velocityinputs).Alternately,the
ground step can be replaced by an equivalentnon-
zero state (rattlespace)initial condition which oc-
curs when dealing with optimal shock isolation
during, for example, an airplane landing.

For the present second-order system, the LQ
optimal control solution can be calculated analyti-
cally to yield the optimal control acceleration:

UJ.Q = — r -Wxl -@.-l14x2 (7)

The corresponding optimal trade-off curve
is shown as a solid line in Fig. 6, where, as
is the standard practice, both the rms accelera-
tion and rattlespace have been normalized with
respect to road/speed characteristics, so that
Xl = xl, ,~,/(27cAV)’/2.The normalization allows
for more efficient representation of results, al-
though it may occasionallybe confusing.Note, in
particular, that travelingon rough roads, and/or at
high speeds,impliessmallernormalized rattlespace
(sincethe available rattlespace is fixed),and larger
normalized accelerations.The solid straight line in
Fig. 6 is parametrized by the weightingparameter
r, and has a slope of —3 on the log–log scale,
which implies that each 10°/0increase in allowed
rattlespace results in SOOiO decrease in rms ac-
celeration. Larger values of r result in softer
suspensions,with smaller accelerations and larger
rattlespace requirements.

Knowing that, under the assumptions in Sec-
tion 2 and (Hrovat, 1993),all responsevariablesare
Gaussian, one can establish what the probability is
of the suspension stroke remaining within certain
bounds around the equilibrium. For example, the
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Fig. 6. Optimal performancetrade-offsfor 1 DOF model with
PI, (fullline) and P12(dashed line).

variation of this variablewillexceedthree timesthe
rms value during only 0.3°/0of ride time. It should
also be remarked that, becauseof the Central Limit
Theorem (Hamming, 1962),similarconclusionsap-
ply for non-Gaussian road sequences.This was also
observed by a number of researchers (e.g.Healey,
1977;Hrovat, 1993)based on measured road data.

The optimal suspension structure can be de-
duced directly from the LQ problem formulation
knowing that the LQ optimal control is a linear
function of states. It consists of a linear spring
placed between the vehiclebody and the road, and
a so-called “skyhook damper” placed between the
vehicle sprung mass and an inertial, smooth
ground. Since the latter is in practice not available
from a moving vehicle,the actual suspension will
have to be placed between the vehicleand the road
which acts as a “moving ground”. It can then be
shown, using the previouslydiscusseddefinitionof
passive systems, that the LQ-optimal suspension
for the stochastic case is necessarilyan active de-
vice, for any value of the weighting parameter
r (Hrovat et al., 1980).

Moreover, it followsfrom equation (7) that the
optimal closed-loop system is oscillatory with the
highly favorable damping ratio of ~2/2 x 0.7. To
put this in proper perspective,it should be pointed
out that the correspondingratios of typicalconven-
tional passive suspensionsare around 0.2-0.3. As
will be shown later, this range of value is close to
optimal: smaller values would amplify the body
resonance, whereas larger values would increase

disturbance force transmissibility from road
through the damper. This is where the skyhook
dampers fundamentally differ from their passive
counterparts: by emulating a contact with the hy-
pothetical, smooth, inertial ground, the optimal
algorithm facilitates much larger damping rates
leadingto a well-dampedbody mode with no nega-
tive transmissibility-relatedside-effects.The net ef-
fectis a dramatic improvementin ride and handling
for road/steering excitation frequenciesaround the
body modes. For example,the dynamic sag due to
body roll in turns can be two to three timessmaller
with the optimal active suspension of the same
stiffness as its passive counterpart (Tseng and
Hrovat, 1990a).Thus, eventhough the handlingper
se was not taken into account in the above optim-
ization, the resultingoptimal structure nevertheless
offerssubstantial handling benefits.

An extension of the above elementary 1 DOF
modelwasproposed in Hrovat and Hubbard (1981,
1987),where the sprung massjerk, u (the derivative
of acceleration u) was included as an additional
comfort measure augmenting the PI of Eq. (2),
which then becomes

P12= E(x1 + r1u2+ r2z.i2). (8)

The problem was transformed into a more stan-
dard, LQR form by definingthe sprung mass accel-
eration u as an additional third state, and the
sprung massjerk zias the new control input. There
are now two tuning parameters, rl and r2, which
weigh ms acceleration and jerk, respectively.

As shown in the above references,it is still pos-
sibleto obtain the analyticalsolution for the result-
ing third-order LQR problem. The optimal struc-
ture in this case is shown with dashed lines in
Fig. 6. In addition to a skyhook damper, this struc-
ture includesa skyhook spring and a load leveling
devicewhich operates on the integral of suspension
deflection.This configuration in fact, has some de-
sirable characteristics.

The load Ievelingsecureszero steady offsetin the
caseofexternal load disturbancescaused by vehicle
weightchangesand inertia forcesin turns or during
braking, for example.Being fully integrated in the
LQR synthesis process, this load leveling action
can be relatively fast, with settling times of the
order of 1–3s (Hrovat and Hubbard, 1981;Hrovat
and Hubbard, 1987),as opposed to more conven-
tional slow-actingload levelersrequiring dozens of
seconds to settle. While the fast load leveling is
facilitating load disturbance rejection and good
tracking of low frequencycomponents of the road,
the skyhook damper and spring are minimizing
transmissibilityof road induced disturbances.

The corresponding optimal ride performance is
represented by the dashed line in Fig. 6, which
applies for the extreme case when rl = O. This
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resultsin minimalpossiblejerk (and maximalaccel-
eration) for a given rattlespace. Even in this ex-
treme case there is a relatively modest (less than
11%) increase in rattlespace requirements for the
same levelof rms accelerations (Hrovat and Hub-
bard, 1981).

On the other hand, at the other extreme where
r2 = O,for the “standard” 1DOF case,the rmsjerk
is theoretically infinite. Taking into account the
wheel-hop and other neglecteddynamics, this im-
plies that substantial reduction in jerk will be ob-
tained with the newjerk-optimal structure. This in
practicemeans that the high-frequency,NVH isola-
tion of the proposed jerk-optimal suspension will
be much superior to the one achievable with the
standard structure.

The basis for this improved low-pass filteringis
in the fact that the conventional spring in the stan-
dard configuration has been replaced by an integ-
rator and a skyhook spring, both reducing the
transmission at high frequencies. The improved
high-frequencyfiltering in this case also leads to
less stringent desired force bandwidth require-
ments. This is a favorableconsideration for narrow
bandwidth or “slow-acting”active suspension ac-
tuators, which hold the most promise for practical
production implementations.

It is interesting that a similar, fast load-leveling
structure with skyhook springand damper was also
obtained by Karnopp (1987), using a different
approach based on judicious usage of root locus
and other classical control techniques. The same
reference also proposed a related practical hard-
ware implementation suitable for narrtsw band-
width actuators. This will be discussed further in
Section 6.4.

In summary, the application of optimal control
technique to a single,1 DOF, quarter-car or “uni-
cycle”model has resulted in fundamental insights
about the optimal suspensionstructure and perfor-
mance potentials. This includes the concept of
a skyhook damper, which has found applicationsin
most of the semi-activeand active suspensionsin
production or under research and development.
Finally, it should be observed that, although the
simple model neglects the wheel-hop mode, the
above principal isolation structure is stillnear opti-
mal and, as needed,can be augmented by a damper
in parallel with the active actuator. Typically,this
configuration is often used in practice to control
the 2 DOF case. It will be shown next, through
a detailed discussionof the 2 DOF case, that this
strategy is usually not far from optimal.

3.2. Two DOF models
A typical 2 DOF model structure including

wheel-hop dynamics is shown in Fig. 7(a), along
with its 1 DOF active [Fig. 7(b)] and 2 DOF

:;g’:~:xsg
(a) (b) (c)

Fig. 7. (a) 2 DOF vehicle model with active suspension S;
(b) correspondinglimitingcasewhenmu. = O;(c) 2 DOF model
withconventionalpassivesuspensionwithsprungand unsprung

masses m, and mu,,and correspondingstiffnessesk, and k.,.

passive [Fig. 7(c)] counterparts. This allows for
inclusion of a handling measure in the perfor-
mance index in the form

P13= ~(~lX; + r2x; + U2), (9)

wherexl and X3are the states representingtire and
suspensiondeflectionas per Fig. 7. The tire deflec-
tion is an indication of road holding ability, in the
sense that smaller tire deflections(from a suitable
equilibrium)lead to better vehiclehandling charac-
teristics(Lozia,1991;Hrovat, 1993).Sincethis term
in equation (9)represents an additional “soft”con-
straint, it is to be expectedthat the performance,in
terms of rms accelerationand rattlespace variables,
will somewhat deteriorate.

The early research in this area led to conclusions
about a relatively large amount of performance
degradation, which was published in a somewhat
pessimistictone by a number of authors, probably
first in Kawagoe (1983)and Kawagoe and Iguchi
(1985).The authors claimedthat, for the same level
of tire and suspension deflection “compared to
a passivesystem,optimal activecontrol can reduce
the rms vertical acceleration of a sprung mass by
about 180/0”.This was a somewhat disappointing
conclusion, since the reduction of only 18°/0may
not even be perceivedas a significantride improve-
ment by most drivers and vehicleoccupants.

However, since the above finding was based on
a single optimization point (one set of weights
rl and rJ, it was ofinterest to seeto what extent the
aboveconclusioncan be globalized.This prompted
the related global study (Hrovat, 1984,1987–1988),
based on varyingrl and r2 throughout the range of
valuesof practical significance.The solution of the
correspondingfourth-order LQ problem, that was
repeated hundreds of times was facilitated by the
use of MATRIXX control systems CAD tool
(Anonymous,1983-1984).

The results of the global study are shown in
Figs. 8(a) and (b) from Hrovat (1987–1988)in the
form of “carpet” plots of normalized rms acceler-
ation vs.suspensionand tire deflections,respective-
ly. Here, the ratio of sprung-to-unsprungmass was



Optimal controls of automotive suspensions 1789

10

1

(a)

.

. Ir2 = 105
?1= 1(Y

#
.

.

.

i mc 1

PI = E (U2+ r* x;+ r2 x;)

!\ \ I-L , I

X3,rms ‘rms23 =
.fZEw-

il= —
%-fZav

I I I i I I 111 I I I I 1111 I 1 1 I Itl(.
1 10

Normalized RMS suspension stroke ;3 (s1/2)
(b)

10

1

P= m@us=10

Q3i= 27rlo

rl = 106r2= 105
\

/

F’
r, = 104

, /,/,7

A

J 1 I I I I I i II i i i
0.1 i

RMS tire deflection;, (s1/2)

Fig. 8. (a) Optimal normalized r.m.s. acceleration versus normalized r.m.s. suspension stroke & for 2 DOF model witfr
0)”8 = 2;: 10;ads- 1and p = 10.(b) Optimal normalizedr.m.s.accelerationversusnor-realizedr.m.s.tire deflection~1for 2 DOF modeI

with CJJM,= 2rr,10rads- 1 and p = 10(Hrovat, 1987–1988).



1790 D. Hrovat

p = 10, and the unsprung natural frequency was
mu.= 10x 27crads- 1.The plots are parameterized
in terms of the PI weights rl and rz, which act as
“tuning” knobs controlling the optimal tradeoff
between acceleration, suspension stroke (design
constraint)and tire deflection(handlingconstraint).

For example,from Fig. 8(b)it followsthat reduc-
ing rl whilekeepingrz constant results in increased
tire deflectionand decreased sprung mass acceler-
ation. On the other hand, Fig. 8(a) shows that re-
duction of rz while keeping rl constant leads to
increased suspension deflection and decreased ac-
celerations. In the extremum case of r2 = O, the
problem becomesa degenerateone where extreme-
ly large suspensiondeflectionsare possiblesincethe
suspension force is not a function of suspension
deflection and thus cannot give static support for
the vehicleweight. Indeed, Fig. 8 shows that there
is no incentive to increase rJr2 above N 1000,
since then the acceleration and tire deflection re-
main practicallyconstant, whilethe suspensionde-
flectionincreasessignificantly.Similarproblemsdo
not occur if only rl = Oand this case can be used
for preliminary suspensiondesign.In addition, the
area of relatively large normalized accelerations
(above say 50)in Figs. 8(a)and (b) corresponds to
very large disturbance levels typical for off-road
operations, whereas the area in the lower right
corners is characteristic of very smooth roads
and/or low vehiclespeeds.

When these considerations are taken into
account, it becomes evident that most optimal
designs of practical interest for automotive ap-
plications will fall within the shaded area in
Figs. 8(a)and (b). In particular, note that no con-
trol design,linear or non-linear, can fall below the
rl = 10-2 %O line in Fig. 8a and rz = 10-3 x O
line in Fig. 8(b).Typicalusage of the global perfor-
mance plots is best shown through an illustrative
example.

Illustrativeexample.Assumethat for a particular
vehiclep = 10and O.L,= 27c“ 10rad/s. The road is
described by a road roughness coefficient
A = 1.6x 10-5 ft (4.9x 10-6 m)which corresponds
to a medium quality road. The vehicleis traversing
this road at a speed of V = 80fts - 1(88.5km h- 1).
The tire deflection from equilibrium should
be below 1 in (2.54cm) 99.’7?4. of the time so
that Xl, ,,m,, < ~ in = 0.847cm and ~1 = x1, ~.~.~.f

~~ <0.ss1’2. From Fig. 8(b) the minimum
possible normalized rms acceleration is
~ ~ lox- 3/Z$AcceptingU= 10.9s3f2results in 30/0

g rms acceleration and tuning parameters
rl = 1100and rz = 100shown as Design A. Using
these values for rl and r2 in Fig. 8a revealsa nor-
malized rms secondary suspension deflection of
X3= 0.605sl/2 which insures that the suspension
deflectionwillremain within t 2 in (5.08cm)ofthe

static value 99.7°/0of the time. With rl = 1100and
rz = 100 the optimal control gains are
kl = – 6.084, k2 = 0.548, k3 = – 10.0, kd =
– 4.438, and the closed loop eigenvalues are
e1,2= – 2.20+-j2.26 and e3,4= – 2.75 + j62.9.
The first set of oscillatoryeigenvaluescorresponds
to the vehicleheavemode with a natural frequency
of 0.5 Hz and damping ratio of -0.7. The second
set corresponds to the wheel-hopmode with a res-
onant frequency of 10Hz and relatively small
damping ratio of 4.4940.Whether or not this small
amount of damping is of consequencewill depend
on the particular hardware implementation,which
may include a combination of active and passive
means to improve closed-looprobustness.Also, in
practice,an excessivelysoft suspensionsetting may
require load-levelingto keep the suspension static
or steady-state deflectionclose to zero.

With the help of the above carpet plots, it is now
possible to put the conclusions from Kawagoe
(1983),and Kawagoe and Iguchi (1985)into proper
perspective.For this purpose consider Fig. 9 from
Hrovat (1984),which displays normalized rms ac-
celerations versus tire deflection for active and
passive suspensions. For simplicity, the optimal
active suspension performance is shown via the
limiting curves rl %Oand r2 = Oonly, which are
representativeof the main trends. Here, the design
points with lower accelerationsand higher tire de-
flections are characterized by softer, lower fre-
quency body modes and less damped wheel-hop
modes.

A corresponding passive suspension perfor-
mance for the structure shown in Fig. 7(c)is shown
in Fig. 9 for comparison purposes. The passive
performancetrade-offscorrespond to vehicleswith
heave mode resonant frequencies, f2, between
1 and 1.5Hz, and damping ratios, <,between 0.02
and 1.A typicalpassivesuspensionsettingis shown
as point Pl, where~2= 1 Hz and C= 0.3.As can be
seen from Fig. 9, this amount of damping is near
optimal in terms of ride and handling compromise
for the passive case. As mentioned earlier, this is
within the range typicallyfound in most of today’s
vehicles which have evolved through many iter-
ations primarily based on intuition and experience.

The performanceofan optimal activesuspension
with the same amount of wheel-hop is shown in
Fig. 9 as point Al, which approximates the setting
chosen Kawagoe (1983).Comparing PI and Al, it
can be seen that the active suspension results in
only llOA lower rms acceleration levels. Thus, it
can be said that the conclusion from Kawagoe
(1983)and Kawagoe and Iguchi (1985)certainly
applies locally,in the vicinityof Al and PI. How-
ever, it can also be seen that for some other
road/speed operating conditions (to the right of
Al), there is a potential for substantial ride
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Fig. 9. Comparisonbetweenconventionalpassivesuspensionwithp = 10,~., = 2rr.10rad S-l, O< ( <1, and optimal activesuspen-
sion with p = Oand co.,= 2x.10 rad S-l (Hrovat, 1984,1987-1988).

improvement for the same amount of wheel-hop.
Indeed, as shown in Fig. 9, for passivesuspensions
almost any deviation in operating conditions from
PI will result in degradation of performance. On
the other hand, for activesuspensions,either hand-
lingor ride can be improvedby choosingthe tuning
parameters rl and rz such that the resultingopera-
tion settles either to the left or to the right of Al,
respectively.For example, the acceleration for de-
sign case A treated previouslyis 670/0smaller than
the one at PI in Fig. 9.

This indicates that, as pointed out by Hrovat
(1984), the full advantage of active suspensions
stemsfrom possibleadaptiuetuning (or gain sched-
uling) of controller parameters, depending on the
driving condition. For example, if the steering
wheel position or lateral acceleration sensors indi-
cate operation on a straight section of a road,
where handling is less critical, then it may be pos-
sible to relax the wheel-hop constraint. The exact
amount of wheel-hopthat could be tolerated under
different driving conditions should be predeter-
mined through appropriate vehicle tests. Similar
viewsregarding active suspensionswere expressed
in, for example (Hac, 1987; Sharp and Hassan,
1986),although this latter referenceused a different
road model and (discomfort metric.

A differentviewwas taken in Chalasani (1986a),
which was one of the first detailed, global optimal
suspension studies to be published in the open
literature. The study was based on a somewhat
different performance index, which included un-
sprung mass velocityinstead of tire deflection.Des-
pite this, the overall approach and main results
were similar in spirit to (Hrovat, 1984,1987–1988).
The main differencethough, was in the interpreta-
tion of the results, sinceChalasani (1986a)requires
that the wheel-hop damping ratio be at least 0.2,
which corresponds to a typical conventional
passive suspension. This, in turn, severely limits
the active suspension performance which led the
author to concludethat, “Activesuspensionsbased
on linear, full-state-feedbackcontrol laws do not
result in dramatic improvementsin vibration isola-
tion...”. A 20°/0reduction in rms accelerationwas
quoted in Chalasani (1986a)as a typicalexampleof
performance improvement potentials. As shown
before,such a constraint makes sense,and is indeed
near optimal for passive suspensions,but can be
unnecessarilyconservativefor their activecounter-
parts.

At this stage it is appropriate to place the above
2 DOF, quarter-car results in proper perspective
with respect to their 1 DOF counterparts. For this
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(Hrovat, 1990).

purpose we will first introduce a new, modified
1DOF model from Hrovat (1987–1988),whichwill
facilitate comparisons with 2 DOF systems. The
new 1DOF model, shownin Fig. 7(b),corresponds
to a special, limiting 2 DOF case, where the un-
sprung mass is reduced to zero. The optimal sus-
pension control problem for this special case has
been analytically solved with the help of appro-
priately defined states. The resulting optimal
trade-off curves are shown in Fig. 10.

Note from Fig. IO(a) that for normalized rms
suspension strokes i3 above roughly 0.3, this new
1 DOF performance is similar to the traditional
one. However, for X3below 0.3 the new 1 DOF
curve is deflected toward smaller acceleration
values. This is due to the gradual stiffeningof the
(secondary)suspension so that more and more of
the overall deflection is now being taken by the
(primary) tire spring. Of course, the overall deflec-
tion is still larger than in the traditional optimal
1 DOF case.

Also displayed in Fig. 10 are the corresponding
limiting performance curves for a typical 2 DOF
passive and optimal active suspensions.It can be
seen that, while the optimal active suspensionsfor
2 DOF systems can still significantlyoutperform
passiveones, they fall short of the optimal 1 DOF
performance. For example, at a normalized rms
suspensionstroke of0.6s1/2,the 1DOF caseresults
in a normalized rms accelerationof 3s–3/2,whereas
the 2 DOF results in 10.9s-3/2,a 263?40increase.
The main reason for this deterioration stems from
the conflictingrequirements imposed on the active
actuator of Fig. 7(a):it should simultaneouslypro-
vide small sprung mass acceleration (for comfort-
able ride), and a considerableamount of unsprung

mass d?mping needed to reduce the wheel-hop(for
good handling).It is easier to satisfythese conflict-
ing requirementswhen the unsprung mass becomes
smaller, which gives an additional incentive for
reducing the unsprung weight through the use of,
e.g., aluminum wheels and lightweight,composite
materials.The best performancewithin the present
single-actuator2 DOF structure of Fig. 7(a)is then
obtained when mu,= O, as shown by Figs. IO(a)
and (b).

Recognizingthat the optimal control has already
achieved maximum possible improvements for
a givenstructureand unsprung mass, the compari-
son between one- and two-DOF trade-offs points
to the need for fundamentalstructuralJdesigncha-
ngesthat willlead to increasedwheel-hopdamping,
without an associatedpenalty on ride comfort.This
prompted the author in early 1984to consider the
usage of dynamic vibration absorbers, (cf.Hrovat,
1993 and references therein), attached to the un-
sprung mass as shown in Fig. 11.

Dynamic absorbers are often used to contain
pronounced, lightly damped oscillations. Typical
applicationsofdynamicabsorbers (DA)range from
electric hair clippers (Den Harton, 1956)to tuned
mass dampers for structural control of tall build-
ings (Hrovat et al., 1983).In automotive applica-
tions, dynamic absorbers have often been used,
sometimesas afterthoughts,to reduce (unexpected)
vibrations. However, apparently there has been
only one widespread,production application of dy-
namic absorbers with the aim of improving ride
comfort.This is the case of the well-knownFrench
subcompactCitroen 2 CV, first introduced in 1949.
The 2 CV was legendaryfor having a superior ride
for a car of its size.



Optimal controls of automotive suspensions 1793

., 4’4

[:

u~

X3 = x~ sm ~ -b

I
d ‘a ‘“ ‘5=X”

‘us

T
Jr,

“=xusL&
Fig. 11. 2 DOF vehiclemodel with dynamicabsorber.

In the area of analysis, the pioneering work by
Thompson (197W1971)was probably the first to
consider dynamic absorbers in the context of (ac-
tive) vehicle suspensions. A global study of the
potential benefits of DA was reported in Hrovat
(1987,1990).Theresulting plots of limitingperfor-
mance trade-offs are shown in Fig. 12, where the
traces marked”2 DOF + DA” correspond to opti-
mal 2 DOF controller gains with an appended DA
with the mass equal to 10°/0of the unsprung mass,
natural frequency ~~ = OU3 = 2n”10rs –1, and
a damping ratio c = 0.2.

Comparing the 2 DOF + DA casewith the opti-
mal 2 DOF and 1 DOF trade-offs in Fig. 12(a),it
can be seen that the DA can contribute to substan-
tial improvements in performance, especially for
2, >0.2 s1i2.As an example,point A representsthe
aforementioned 2 DOF performance (cf. Figs. 8
and 9), with an unsprung mass damping ratio of
only4.4°/0.The addition ofa DA resultsin a perfor-
mance at A’ in Fig. 12,where acceleration, rattle-
space and tire deflection have all been reduced,
while at the same time the wheel-hop damping
ratio increased to 16°/0.Further substantial reduc-
tion in acceleration results for point A“,which has
the same suspensionstroke requirementsand lower
tire deflection than A. This clearly illustrates that
the addition of DA has significant potential for
improved ride and handling performance of active
suspensions. Their main drawback is the added
weight and packaging requirements,which repres-
ent a real design and development challenge that
must be resolvedprior to their possiblewidespread
usage.

Further performance benefits are possible with
the help of various forms of active DA’s and un-
sprung mass actuators as proposed by Hrovat
(1987,1990,1993).At this point, it is appropriate to
ask what is the best possiblequarter-car structure

(a)

Normalized RMS suspension stroke ;s (s1/2)

. .0.001 0.01 0.1 1 10
Normalized RMS tire deflection ~us (s1/2)

Fig. 12. Comparison between optimal 2 DOF suspension
(mu,= 2rr.10rad S-l, p = 10),a suboptimal 2 DOF + DA sus-
pension (co.= o.,, p. = p, (. = 0.2),and optimal limiting case

when mu,= O,and r-l= 10-4 and r, = 10-5 (Hrovat, 1990).

that would result in an absolute minimum for per-
formance index P13 of equation (9).For this pur-
pose, consider the suspension configuration from
Hrovat (1990), shown in Fig. 13(a). Unlike the
conventional 2 DOF structure from Fig. 7(a), the
proposed configuration is not constrained by the
requirement of equal sprung and unsprung forces,
U, and U.,. This implies that such a two-control
configuration is very flexible and powerful. For
example, the unsprung control force U., can be
used to alter both the effectiveunsprung mass and
tire stiffnesswithout negativelyaffectingthe sprung
mass acceleration which is controlled via the
sprung mass force US.

As shown by Hrovat (1990),the above inquiry
into the best possible 2 DOF quarter-car perfor-
mance leads to a singular optimal control problem
characterized by a lack of penalty on the unsprung
actuator force [cf.P13,equation (9)].This is known
as a “partially cheap optimal control problem”



1794 D. Hrovat

T

~’xz&E-E!-E‘1 %s

%s J%

~3

‘us -t”

A

‘1
P

(a) (b)

Fig. 13. (a) 2 DOF vehicle model with active suspension ca-
pable of producingindependentforces U, and U.,; (b) singular

optimal incremental suspensionstructure (Hrovat, 1990).

(Kokotovic, 1984).In this context the cheap, un-
sprung control primarily servesas a structure opti-
mizer: it can effectivelyreduce or eliminate the
unsprung inertia and add or substitute additional
inertias and compliance as needed to minimize
PI~.

The solution to the above optimization problem
was developed in (Hrovat, 1987, 1990)by trans-
forming the above cheap control problem to
an equivalent singular perturbation problem
(Kokotovic,1984),usinga blend ofphysicalreason-
ing and a special scaling introduced in Saberi and
Sannuti (1987).The resulting optimal structure is
shown in Fig. 13(b). With the hindsight from
(Hrovat, 1990), this simple (yet another special
1 DOF optimal) structure can be explained as fol-
lows.The sprung mass control U, is used to contain
the slow body-related mode in accordance with an
appropriately modified,“standard” 1DOF optimal
control law with the damping ratio of 0.7. The
cheap and fast control U., accomplishestwo tasks.
In effect, it completely eliminates the unsprung
mass, and adjusts the primary and secondary in-
cremental stiffnessesso that the unsprung motion
can instantaneouslyadapt to the best possiblecon-
figuration for a given set of performance weights,
rl and rz.

Becauseof the presenceof two independentcon-
trol forces, U, and U.,, the new 1 DOF optimal
structure of Fig. 13(b) differs substantially from
the previously discussed 1 DOF configuration of
Fig. 7(b),since the latter cannot alter the primary
suspensionstiffness.As such the new 1 DOF opti-
mal structure servesas a metric of the best possible
P13performancethat can be obtained with 2 DOF,
quarter-car models.For an illustrativeexamplein-
troduced in Hrovat (1990),this limitingcase result-
ed in normalized rms sprung mass acceleration of

only 1.17s- 3/2,with normalized rms tire and sus-
pensiondeflectionsof 0.23and 0.6 sl/2,respectively
(to fully appreciate this performance, the reader
should consider Fig. 12).This example illustrates
that further substantial ride and handling improve-
ments are possible with high-performance,active
and semi-activeunsprung mass actuators. While in
some cases this superior performance may not be
practical due to packaging, weight and cost con-
straints, it serves as an absolute reference against
which any practical implementation can be com-
pared.

As pointed out in Chalasani (1986a), a large
portion of the benefits of an active suspension is
obtained from the slow, body-motion-related
mode. This can be seen from the optimal system
eigenvalues and the optimal skyhook-like struc-
ture, which, to a degree, contributes to improved
high-frequency isolation. The dominant, slow-
mode eigenvaluesfor the optimal suspensionsare
characterized by substantially more damping than
their conventional, passive counterparts. The net
effect can also be nicely seen from frequency re-
sponseplots, as contained for examplein Kawagoe
(1983),Kawagoe and Iguchi (1985),and Chalasani
(1986a).The latter referencealso revealed that, un-
liketheir passivecounterparts, the LQ-optimal sus-
pensionscan result in a non-zero DC gain between
the rattlespace and road velocity input. However,
in practice, this may not be too detrimental, since
one would typicallyuse high-passfilters to elimin-
ate the very low frequency components of the
ground input signals resulting from hills and pro-
longed road grades.

Additional interestingaspectspertinent to active
suspensions—suchas differentinvariant properties
and related ride and handling effects-have been
revealedin papers by Yue et al. (1988),Hedrick and
Butsuen (1990), and more recently by Smith
(1995).In particular, Hedrick and Butsuen (1990)
have shown, using the simple quarter-car model
example,“that only one of three transfer functions
of interest (acceleration,suspensiondeflectionand
tyre deflection)can be independently specified”.

Regarding the possible improvements around
the fast,wheel-hopmode,it was argued in Yue et al.
(1988)that these improvement potentials are rela-
tively small due to the presence of an “invariant
point” in the sprung mass acceleration transfer
function.More precisely,it was shown that, under
the assumptionofzero tire damping,the magnitude
of the transfer function between body acceleration
and road velocity at the wheel-hop frequency re-
mains constant, independent of the control force.
However,Levitt and Zorka (1991)have shown that
evena smallamount of tire damping could alter the
aboveinvarianceand lead to a significantchangein
body accelerationaround the wheel-hopfrequency.
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The results of a global numerical study (Hrovat,
1988)demonstrated that even a tire damping ratio
of only 2°/0can substantially improve the shape of
the limiting optimal curves, which become much
closer to the optimal 1 DOF curves in Fig. 12. It
was also shown there that even in this case, the
dynamic absorber still offers tangible benefits,
which are, of course, somewhat less dramatic than
before. Since in practice the tire damping can vary
from a few percent at low speeds to near zero at
high speeds, one should have the above results in
mind when evaluating differentpassive and active
suspension concepts. Nevertheless, the above in-
variant properties offerusefulinsight and guidance
relevant for many vehicle operation modes, espe-
cially for cruising at higher speeds.

It should also be noted that, due to a natural
separation between the slow, body mode and the
fast wheel-hop mode, it is possible to use singular
perturbations theory to partition the problem into
an equivalent slow 1 DOF system and a fast,
wheel-hop associated subsystem (Salman et al.,
1990;Krtolica et al.,1990).This again createsa link
with and further justification for 1 DOF studies.

Finally, one could parallel the 1 DOF case and
introduce jerk as an additional ride term in P13,
equation (9).This was done for 2 DOF, quarter-car
systemsby Rutledge (1990),Rutledge et al. (1996),
and Tseng and Hrovat (1990b),where numerous
globaloptimal trade-offmaps have beendeveloped.
Similar 2 DOF variants of jerk-optimal 1 DOF
investigations can be found in Thompson and
Davis (1988),and EIMadany (1990a),where in ad-
dition to usingthe derivativecontrol constraint, the
authors relied on additional integrators for state
estimation purposes. Further extensionsof the fast
load-leveling concept, based on Linear–Quad-
ratic-Integral (LQI) control, are given in (El-
Madany, 1990b;Edwards et al., 1996).As in the
more conventional 2 DOF case of P13, the jerk-

augmented performance can be further improved
via DA’sand other structural means as investigated
by Thompson and Davis (1989),and on a global
scale by Tseng and Hrovat (1990c).

In summary, the optimal suspensionsfor 2 DOF
quarter-car models without tire damping result in
significantlossof performancewith respect to their
1DOF counterparts. Nevertheless,such an optimal
2 DOF system can still substantially outperform
the conventional suspensions due to the inherent
adaptiuecapabilitiesof active suspensions.Further
improvementsare possible through a reduction of
the unsprung mass and through structural changes
aimed at containing the wheel-hop in a manner
that would not negativelyimpact the quality of the
isolation of the sprung mass vibration.

4. OPTIMAL SUSPENSIONSFOR HALF-CARMODELS

There are a number of publications (e.g.Thom-
pson, 1979;Hac, 1986)investigating optimal and
suboptimal ride characteristics of half-car, 2D ve-
hicle models, which include both sprung mass
heaveand pitch modesas shownin Fig. 14.Most of
the past work was based on numerical analysis
which was used to evaluate optimal active suspen-
sion performance at a (usually)single operational
point. This was extended by Krtolica and Hrovat
(1992),who developed a global analytical solution
for the optimal suspensioncontrol problem minim-
izing

P14= E(r1z2+ r2@2+ r3z~+ rqz~) (lo)

subject to 2 DOF, fourth-order systemstate equa-
tions describingvehicleheave and pitch dynamics
as per Fig. 14.In equation (10)the first two terms
penalize excessiveheave and pitch accelerations,
z and ~, respectively,while the last two terms
penalizeexcessivefront and rear suspensiondeflec-
tions, Zfand z,.

v, ~ r h,
heave-i 4

7 w I

J’fs Jp

* +
---------

A
1

CM
Fr

z, [f
rattlespace

Wr Wf

Fig. 14. Half-car 2 DOF model.
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As a byproduct of the analytical solution, it was
possibleto establisha number ofpropertiescharac-
terizing the resulting LQ-optimal suspension.For
example,as in the simple 1 DOF quarter-car case
discussed in Section 3.1, the optimal half-car sus-
pension is also characterized by a favorabledamp-
ing ratio of 0.7. The above reference by Krtolica
and Hrovat (1992)also contains necessaryand suf-
ficient conditions for decoupling of the original
2 DOF, half-car problem into two 1 DOF, quar-
ter-car subproblems.These conditions are

M,“lf“1,= JP, (11)

rl. lf”lr= rz, (12)

where M, and JP are vehiclemass and the pitch
moment of inertia about the center of mass (CM),
and lf and 1,are the front and rear distances from
the CM (cf.Fig. 14).

The first condition, equation (11), depends on
vehicle physical parameters and is approxim-
ately (within 20°/0)satisfiedby most vehicles.The
second condition, equation (12),can be satisfiedby
appropriately choosing the weighting parameters
rl and r2,which often results in a reasonable com-
promise between the pitch and heave aspects of
a ride.

The same conditions also apply for the 4 DOF,
half-car model which includesunsprung masses as
per Fig. 15(a).The result is two decoupled 2 DOF,
quarter-car models shown in Fig. 15(b).Note that
the 2D, half-car model introducesone qualitatively
new aspect-consideration of the front wheels as
a convenientmechanismto previewthe road ahead
of the rear wheels. This anticipatory information
can further improve the ride/handling trade-offs,
above and beyond the optimal quarter-car trade-
offsof Figs. 8(a)and (b).

Global performance potentials with preview
applied to simple 1 DOF quarter-car models were
investigated in Bender (1967b), and Tomizuka
(1976). Hrovat (1991a,b) introduces equivalent
delayed-systemformulation to develop similar re-
sults for 2 DOF, quarter-car, discrete-timemodels
applicable to the configuration of Fig. 15(b).The
related global performanceplots are reproduced in
Fig. 16,where the solid lines represent the limiting
curves without the preview. The optimal perfor-
mance curves with preview times t,up to 1s are
shown as dashed lines.

From Fig. 16(a) it can be seen that for nor-
malized suspension deflections below about
0.6sl/2jpreviewinformation ofup to 1s can reduce
the accelerationsby approximately50to 700/..Sim-
ilarly, Fig. 16(b)shows that even a relativelysmall
amount of previewof only 50ms, can significantly
reduce the tire deflection for normalized acceler-

–3/2 For example, at nor-ations above circa 15s .

realizedaccelerationsof 20s –s/Z,the tire deflection
can be reduced by about 30°Awith 50ms of pre-
view.Sincein practice the most usefulpreviewswill
probably be limited to below about 0.3 s, it can be
concluded that preview information will probably
be most usefulfor normalized accelerations above
approximately 10s- 3/2.

Moreover, one can now use the above plots to
adapt differentcontrol gains for the front and rear
suspensions,while satisfying tire and suspension
deflection constraints. This is illustrated in
Fig. 16(a)with the help of designpoints Cf and C,,
for the front and rear control settings. Here both
suspensionunits are subjected to the same stroke
constraint, while the rear unit can benefit from
0.11s of preview, which corresponds to a vehicle
with a wheelbase of 2.75m traversing a fair-to-
medium road at a speed of 88.5kph (furtherdetails
about this examplecan be found in Hrovat, 1991a).
The result is a considerable improvement in both
heave and pitch aspects of the ride. Obviously, if
a suitable sensor were available, then the perfor-
mance could be further improved with the road
preview ahead of the front wheels.Corresponding
additional benefits could be again estimated with
the help of Fig. 16.

As in the quarter-car case, it is now possible to
consider jerk-optimal suspensions for half-car
models (Rutledge, 1990),and, also, the usage of
singular perturbation theory (Kokotovic, 1984)to
exploitthe two-timescaleseparation betweenbody
and wheel-hopmodes (Salman et al., 1990;Ono et
al., 1994).In addition, with the half-car structure it
is possibleto exploit the spatial separation between
the front and rear of the vehicle.This was firstdone
in Salman et al.(1990),where the authors essential-
ly neglected the cross-couplingbetween the front
and rear performanceindexterms correspondingto
the fast, wheel-hop dynamics. The resulting hier-
archical control structure consistedof a slowmode
similar to the one from Fig. 14 [with a set of tire
springsas per Fig. 7(b)],and a decoupledset of fast
control modes used to contain the front and rear
wheel-hops.However, as shown by Krtolica et al.
(1990),for the particular data used in Salman et al.
(1990)the decoupling conditions (11)and (12)are
almost satisfiedanyway,so that even a simpleset of
two fully-decoupled front and rear quarter-car
models yieldsa performanceclose to optimal! It is
only when stronglycoupled data are used that one
can start to appreciate the proposed spatial and
temporal separation.

Recently, there was an increase in interest for
optimal preview applications to advanced sus-
pension design. A comprehensive analysis of the
2D case in the continuous-time domain was
performed by Hac (1992b); the corresponding
analytical solutions were similar to their limiting
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Fig. 15. (a) Half-car, 4 DOF vehiclemodel;(b) correspondingdecoupledmodel consistingof two quarter-car 2 DOF subsystems.

discrete-time counterparts from (Hrovat, 1991a).
The performance potentials of front wheelpreview
have been investigated in (Araki et al., 1994),and
those of the slow-activesuspensionsin (Sharp and
Pilbeam, 1994;Pilbeam and Sharp, 1996),where it
was concluded that, “0.033s of preview is of little
use,although 0.1s is very useful”.The effectiveness
of preview for advanced suspensionswith explicit

considerationofjerk as a ride comfortmeasure,has
been investigated in (Youn, 1996).An attempt to
apply the preview to a nonlinear 2D truck model
has been discussedin (Huisman et al., 1994),along
with the corresponding power requirements.
Moran et al. (1996)use H~ optimization to derive
preview controls; whereas Peng and Ma (1996)
use game-theoretic concepts to consider control
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algorithm robustness w.r.t. worst-case scenarios, 5. OPTIMM-SUSPENSIONSFORFULL-CAR

with and without road or disturbance preview.Fi- MODELS

nally,an elegant analyticalapplication of decentra-
lizedcontrol concepts to activevehiclesuspensions

In this section we will briefly survey some past

with preview is given in (Hac, 1995).
and recent full-car, 3D results, and place them in
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Fig. 17, 3D vehiclemodel schematic.

a proper perspective with respect to previously
discussed half-car and quarter-car counterparts.
Someof the earlier investigationsof the optimal 3D
suspensionscan be found in Barak (1985),Barak
and Hrovat (1988),and Chalasani (1986b), where
numericalsolutionsof the correspondingLQ prob-
lem were obtained for a few specific operational
roadlspeed conditions. On the other hand, recent
complete analytical solution of the 2D case
(Krtolica and Hrovat, 1992)facilitatedsimilarana-
lytical extensions (Hrovat, 1991b)toward the full
3D structure shown in Fig. 17.The corresponding
optimization problem was formulated by mimick-
ing the basic quarter-car and half-car performance
requirements, equations (8) and (9), so that the
full-car performance index now becomes

P15= E(q*2~+ ~BZ: + ~cZ: + qDz;

+ rIi~m + V2.G2 + ~3@J, (13)

where the first four terms penalize excessive
steady-state suspension deflection at the four cor-
ners (cf. Fig. 17), while the last three serve as
a measure of ride discomfortwith respect to vehicle
heave, pitch and roll acceleration, respectively.

The analytical solution of the above seventh-
order system was found with the help of a two-
layered partitioning (Hrovat, 1991b). In the first
step, the original seventh-order system was par-
titioned into a sixth-order,tricyclestructure shown
in Fig. 18 and an additional “odd” state. The sec-
ond step constituted further partitioning of the
sixth-order Riccati equation, corresponding to the
above tricyclemodel, into two third-order subsys-
tems, which could then be solved analytically.The
analytical solution of the sixth-order system was
next merged with the additional seventh state
shown in Fig. 19.This additional state is necessary
to reflect the fact that the road elevations are
not necessarily coplanar at the four tire-road
interfaces.

D

‘A

J
Fig. 18. Equivalent“tricycle”configuration.

Fig. 19. Introduction of additional state X7= x~,

The solution to the seventh-order LQ problem
was completed by transforming the above seven
states into a more practical set of states: three
sprung mass velocities for heave, pitch and roll
modes, and four corner suspension deflections.
Once the analyticalsolution to the full-caroptimal
suspensionproblem was found, it was possible to
establisha number of related properties character-
izing the optimal structure. For example, it was
shown that all three optimal body modes have the
highly desirable damping ratio of 0.7 which is
achieved via “skyhook” damping. This holds for
any set of P15weightsin equation (13),and can be
extended to even more general performance
indices.

It was also shown that under the followingmild
conditions, the original 3D problem can be de-
coupled into simpler pitch + heave and roll sub-
problems (seeFig. 20),

a = b, (?A= qB, qC = qD, (14)

wherea and b are the lateral distancesfrom the CM
in Fig. 17. It is also assumed that the ground
roughnesshas been modeled according to a spatial
road surfacedescription from Parkhilovskii (1968)
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Fig. 20. Front–rear-roll decomposition.

and Rill (1983), which, as discussed in Hrovat
(1993)conveniently facilitates the above decoup-
ling.Moreover, if the previouslyestablishedcondi-
tions (11) and (12) hold, then the pitch + heave
dynamics can be further decoupled into front and
rear quarter-car submodelsas shown in Fig. 20. In
this way the original 3D problem is transformed to
the much simpler, quarter-car models for which
there is a wealth of results available,as discussedin
previous sections. It should also be pointed out
that, similar to the 2D case, it is now possible to
consider 3D two-time scale and hierarchical con-
trol schemes,effectsof flexiblemodes,preview,and
differentjerk-optimal PI augmentations.

6. RELATEDTOPICS

The objectiveof this section is to brieflydiscuss
developmentsin important areas which are directly
or indirectlyrelated to the main theme of the pres-
ent paper. A full surveyof the related topics would
typically require a separate paper for each, some-
thing that is obviously beyond the scope here.
However, it is hoped that, while not complete, the
followingsectionswillhelp put the subject of opti-
mal suspension controls in a proper perspective
with respect to these related developments, and
directthe interestedreader to appropriate references
where further informationand leads can be found.
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6.1. Semi-activesuspensions
The semi-active(SA)suspensionconcept was in-

troduced in the early 1970’s(Crosby and Karnopp,
1973;Karnopp and Crosby, 1974;Karnopp et al.,
1974) in the form of a variable, controllable
damping. In this section we will somewhat loosely
refer to “semi-active” as any essentially passive
suspension concept, where a relatively small
amount of external energy is used to improve the
performance.

Since their introduction, semi-active dampers
have been considered for diverse applications
rangingfrom trains (Klingeret al.,1976),to tractors
and other off-road vehicles(Roley, 1975),to high-
speed air-cushion vehicles (Margolis et al., 1975;
Margolis and Hrovat, 1976) and military tanks
(Miller and Nobles, 1988).Large scale,production
applications of some very elementary SA concepts
started in the early 1980’s,with the introduction of
the first variable damping shock absorbers. These
variable dampers typically changed the damping
from soft to firm and viceversa, through a manual
or slow adaptive control, and as such represented
a very rudimentary form of the SA damping. The
corresponding ride and handling performance im-
provements were minimal and indeed often imper-
ceptible, although some more recent and matured
implementations show promise, especially in
adapting to increased handling demands.

A somewhat more sophisticated and more de-
manding approach (in terms of implementation)is
the so-called“on-off” SA strategy, which was first
proposed by Margoliset al.(1975).Simplystated, it
switchesthe damper off, i.e. creates a low or near-
zero force, whenever the sprung and unsprung
masses move in the same direction and the un-
sprung mass has a larger velocity. In any other
situation the damper is set to “on” state, which
produces large damper forces. The main idea of
such a strategy was to reduce the sprung mass
acceleration and motion, which was successfully
demonstrated in early simulation and experimental
studies(Margoliset al.,1975;Margolisand Hrovat,
1976;Hrovat and Margolis, 1981;Krasnicki, 1981).

During recent years there has been considerable
interest in the on-offSAconcept in the industry.As
a result, there appeared further improvementsand
refinements of the concept (Miller, 1988; Ivers
and Miller, 1989; Crawford, 1988; Decker
and Schramm, 1990),which seem to offer some
tangible ride and handling benefits.Consequently,
this is emerging as the first bona fide, “full-
blooded”SAdeviceto seeproduction (Emura et al.,
1994;Higashiyama et al., 1994;Nakayama et al.,
1996).

The original continuously-variable SA policy
(Crosbyand Karnopp, 1973;Karnopp and Crosby,
1974;Karnopp et aL, 1974)represents a next step

up in sophistication and in practical implementa-
tion complexity.It requires that the SA actuator
continuously reproduce the (1 DOF LQ-optimal)
skyhookdamping forcewheneverthis is possiblein
view of the passivity constraint. When this is not
possible,the damper is simplyturned off(herecare
should be exercisedto avoid discontinuous-in-force
stitchings which can lead to excessivejerk). The
continuously-variableSA policy was subsequently
extendedto 2 DOF, quarter-car and more complex
models,with simultaneouspossible limiting of the
damper maximum force leading to so-called“clip-
ped” SA control (Siebenhaar, 1975;Roley, 1975;
Hrovat, 1979;Hrovat et al., 1988; Butsuen and
Hedrick, 1989).An experimental,laboratory devel-
opment of a continuously variable, skyhook SA
damper has been recentlysummarizedby Kitching
et al. (1996).

The question of the optimal SA damping policy
was addressedin Hrovat (1979),Hrovat et al.(1980,
1988),and subsequently in Butsuen and Hedrick
(1989)where it was concluded that the clipped SA
policy is also optimal for quarter-car models. Un-
fortunately,this conclusionwas not entirelycorrect
(cf. e.g. Tseng and Hedrick, 1993), although, in
practice, the clipped SA policy may often be very
close to being optimal. Both linear and bilinear
systemdynamics(Hrovat, 1979;Kimbrough, 1986;
Hrovat et al., 1988)were considered, with the SA
damping parameter acting as a bilinear control
variable limited to nonnegative values due to the
passivity constraint. The approach in (Hrovat,
1979;Hrovat et al., 1988)was also used to prove
that under some relatively mild conditions, the
solution to the related nonlinear, stochastic opti-
mal control problem exists,and, more importantly,
is given in a feedback form. An approximate,
suboptimal solution was then attempted using
open-loop, anticipatory optimization and sub-
sequent regression to obtain corresponding
(sub)optimal feedback controls. The preliminary
numerical results indicated that such an (sub)opti-
mal approach willnot significantlyoutperform the
clipped SA control. While these early results were
obtained in the late 1970’susing, by current stan-
dards, rather minusculecomputational means, the
availableresults to date seemto confirmtheseearly
findings(see,e.g. Tseng and Hedrick, 1993).

Another approach toward improved SA perfor-
mance was introduced by Kimbrough (1986),based
on the Lyapunov equation. Further improvements
of the SA concept were also investigated through
hardware modificationsand extensions(Ivers and
Miller, 1991; Wallentowitz and Konik, 1991).
Usage of Electrorheological (ER) and magnetor-
heological (MR) fluids has been proposed as
a hardware alternative for the more conventional,
variable-orificehydraulic dampers (Pinkos et al.,
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Fig. 21. Comparison betweenquarter-car, 2 DOF modelsfor passivesuspensionwith~, = 0.5, 1,1.5Hzand ~ = [0.1, 0.2,
active suspensionwith rl = 10-4 and r2 = 10-5 (Tsengand Hrovat, 1989).

1994;Sturk et al., 1995).From a practical stand-
point, the MR concept appears more promisingfor
suspension and other vibration isolation applica-
tions (such as, e.g. engine mounts), since it can
operate on vehiclebattery voltage,whereas the ER
concept is based on high voltage electric fields.
There were also attempts to designthe SA control-
lers usinggeneticalgorithm(Yehet al.,1994),inter-
nal model control (Park and Koo, 1994),dynamic
programming (Muijderman et al., 1994), fre-
quency-selectiveskyhook damping (Konik et al.,

1996),neural networks (Moran et al., 1994),a slid-
ing mode controller (Isobeet al.,1996),and preview
control (Kawagoe, 1983; Kawagoe and Iguchi,
1985;Hac and Youn, 1992;Jezequel and Roberti,
1992; Huisman et al., 1992a,b; Kim and Yoon,
1995).Actual production hardware and/or close-
to-production hardware implementations are de-
scribed in (Emura et al., 1994;Higashiyama et al.,
1994; Irmscher et al., 1994; Konik et al., 1996;
Nakayama et al., 1996).

Hubbard and Margolis (1976) introduced the
concept of an incrementally semi-active spring,
realized by means of on and off switchingof addi-
tional gas spring accumulators.This is a promising
practical complement to SA damping, since,based
on discussionsin Section 3.2,both the suspension
damping and stiffnessshould change to optimally
adapt to differentroadlspeed conditions.This can
also be seen in Fig. 21 from Tseng and Hrovat

, 1], and

(1989)which illustrates the performance of adap-
tive “passive” suspensions with the sprung mass
natural frequency varying from 0.5 to 2 Hz, and
the corresponding damping ratio ~ in the range
from O to 1. Clearly, the suspension stiffnesshas
a significant influence on ride quality so that,
similar to the fully active case, softer suspensions
lead to more comfortable rides at the expense of
increased suspension stroke requirements. Fig. 21
also shows the corresponding optimal active
boundaries [cf. Figs. 8(a) and (b)]. It can be seen
that even such an idealized adaptive “passive”
suspension (which in practice still may require
compressors or pumps) cannot fully match the
performance of the optimal active counter-
part.

A concept of “ground-hook” semi-activecontrol
has recently been introduced by Novak and Val-
asek (1996)to minimizethe amplitude of dynamic
road-tire force,or equivalently,tire deflection.Ad-
ditional aspectsof SA suspensions,associated con-
trol and estimation algorithms and various hard-
ware improvementsand refinementscan be found
in Margolis (1982a,b), Rakheja and Sankar (1985),
Redfield (1990),Karnopp (1990),Hac (1992a),Yi
and Hedrick (1995),Hedrick et al. (1994),Irmscher
et al. (1994), Redlich and Wallentowitz (1994),
Irmscher and Hees (1996),and especiallyin related
surveys by Ivers and Miller (1991),Wallentowitz
and Konik (1991),and Elbeheiry et al. (1995).
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6.2. State estimationand systemrobustness
The underlying assumption in the preceding ex-

position has been that all the states are exactly
known,which then gave us the best possibleperfor-
mance. In practice, some of the states may not be
easilyaccessible.For the simple,quarter-car model,
typicalmeasurementsare sprung mass acceleration
and suspension deflection,whereas the tire deflec-
tion is difficultto measure. Fortunately, the latter
can often be neglected in the feedback control law
without significant loss of performance, although
there are operations, such as the stiffersuspension
settings at the upper left portions of Figs. 8(a)and
(b),when this cannot be done, necessitatinga full-
state feedback, most likely based on a full-state
estimation (Hrovat, 1987,1987–1988).

Based on the above measurements it is possible
to estimate the full state vector using,for example,
the Kalman filter in the context of the
Linear–Quadratic-Gaussian (LQG) methodology
(Alexandridis and Weber, 1984;Yue et al., 1988;
Ulsoy and Hrovat, 1990;Ulsoy et al., 1994).While
such systemsmay reduce sensor requirements,it is
important to remember that they typicallylead to
a degradation in performance. Indeedj for some
realistic examples of systems using a single, rattle
space deflection measurement as in Yue et al.
(1988),it was shown by Ulsoy et al.(1994)that such
LQG policycan increase the LQ cost by more than
80?4..However, the rattle space deflection based
controller would result in a zero DC gain for the
corresponding rattlespace-to-groundinput transfer
function.

In addition, the LQG controller is in general less
robust with respect to modeling errors. It was
shown by Ulsoy et al.(1994)that, for a “typical”set
of control gains, the gain margin of the suspension
stroke-based LQG regulator can be only 0.2dB,
with the phase margin of 18°.The corresponding
LQ margins were co dB and 100°. It should be
pointed out that for a “softer”gain setting,even the
full-state LQ regulator resulted in a small gain
margin of only 1.5dB, and a phase margin of 33°.
This is in part the consequence of a particular
quarter-car structure which included a parallel
passive spring to (partially) support the vehicle.
This additional spring resulted in non-zero weighi-
ngs on cross-terms between states and control in
the performance index, for which the “standard”
LQ guarantees of co gain margin and at least 60°
of phase margin do not apply.

The above work indicates that it is important to
consider closed-loop system robustness with re-
spect to unmeasured states, structural changes(e.g.
the introduction of a parallel supporting spring),as
well as parametric uncertainties and, possibly to
a lesser degree, uncertainties due to sensor and
actuator dynamics. In the case of partial state

measurements, it is possible to recover system ro-
bustness (assuming adequate LQ characteristics)
through stochasticstabilityrobustnessanalysisand
(partial)Loop Transfer Recovery(Ray, 1991;Ulsoy
and Hrovat, 1990;Palkovicsand Venhovens,1992;
Ulsoy et al., 1994).To address various forms of
uncertainties,a number of recently developed and
computerized robust control techniques can be
considered, especially promising being the ones
based on frequency domain analysis (Kiriczi and
Kashani, 1990; Yamashita et al., 1990; DeJager,
1991;Moran and Nagai, 1992).

In particular, reference DeJager (1991)investi-
gated potential applicationsof ff~ optimizationfor
active suspensiondesign. It was found that, based
on a performance mimicking equation (9), the re-
sultingcontroller introduced too much damping in
the wheel-hopmode, since the H~ technique tends
to minimize the peaks in the frequency response
curves.As might have been expectedfrom the pre-
viousdiscussions,excessivedamping willin general
lead to deterioration of ride comfort performance.

Similarly,a relativelylarge amount of wheel-hop
damping can also be seen in Kiriczi and Kashani
(1990).To avoid this issue,Yamashita et al. (1990)
neglect the tire deflection in the performance for-
mulation,justifyingit by the already large inherent
damping that was present in their quarter-car
laboratory setup. The results show considerable
reduction in 1S0-2631 weighted sprung mass ac-
celeration in the range between 3 and 8 Hz. How-
ever, there were no data givenfor rms acceleration,
and tire and suspensiondeflections.In viewofthese
issuesit is appropriate to consider a mixed H2/H~
metric; one way to combine the desirable robust-
ness properties characteristic for the H~-based
techniques,has been proposed by Tran and Hrovat
(1992a).

Due to the practical importance of robust sus-
pensiondesign,whichalso has an impact on system
fault tolerance, it is expectedthat work in this area
will intensify in the coming years. This will be
facilitated by continuing progress in the develop-
ment of robust control theories and associated
CAD tools for linear, nonlinear and adaptive con-
trol systemdesign.

6.3. Nonlinearcontrols
So far we have primarily focused on optimal

control methodsapplicableto linear vehiclemodels
which are of course only approximatelyvalid since
the real vehiclesystemis necessarilynonlinear. For
many operations, however, the linear system ap-
proximation is appropriate, This is also supported
by experimental validations as discussed in Sec-
tion 2. However,there are situationswhichamplify
the nonlinear effects. One example is created by
discrete-eventdisturbances, such as single bumps
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or potholes, which can cause suspension bottom-
ing—a highly nonlinear phenomenon. Another
example is the always present dry friction, which
may cause the suspension to lock on very smooth
roads. The vehiclethen essentiallyrides on tires.

To treat the nonlinear effectsof suspensionbot-
toming and the like, Gordon et al. (1991)propose
to use an approach which is similar in spirit to the
optimal semi-activeapproach (Hrovat et al., 1988),
discussedin Section 6.1.As was the case with this
latter reference, the method from Gordon et al.
(1991)is computationally intensive, especiallyfor
higher-order vehicle models. However, with con-
tinuous improvements in computer processing
power this will be less of an issue in the future.
Encouraged by their favorable resultswith discrete
disturbance responses, Gordon et al. (1991)argue
for superiority of nonlinear over LQ-adaptive sus-
pension algorithms. However, as shown in Tran
and Hrovat (1992b),under certain conditions one
can equallywellpresent the reverseargument,espe-
ciallyif the fullpotentials of the adaptive strategies
are taken into account.

Instead of competiting alternatives, the two ap-
proaches can be viewedas complementingingredi-
ents of an overalloptimizedsuspensionstrategy.In
this context, the LQ-optimal adaptive or gain
schedulingcontrols would be used for most driving
situations with nonlinear policies being activated
during excessive discrete-event disturbances and
other special circumstances. An approach that
would naturally blend the two was proposed by
Hrovat (1989), and is under investigation (Ricci
et al., 1996).

We conclude that, as a result of the substantial
ongoingtheoreticaladvancesin the areas ofnonlin-
ear and adaptive controls (cf.e.g.Astrom and Wit-
tenmark, 1989;Slotine and Li, 1991),it is expected
that the future will bring increased applications of
these and similar techniques in advanced suspen-
sion design. Some early results in these directions
have been mentioned above; additional attempts
can be found in Cheek et al. (1985),Sunwoo et al.
(1990),Blankenship et al. (1993),Tran and Hrovat
(1993),Alleyneand Hedrick (1995)and others.

6.4. Practicalconsiderations
For practical implementation of the above opti-

mal control suspension strategies, it is sometimes
preferable to simplify the optimal strategies thus
ieading to simpler softwareimplementationsat the
expenseof hopefullyonly slightlydegraded perfor-
mance. For example, in the case of quarter-car
models, the full-stateLQ-optimal regulator can be
simplifiedto a three-term controller structure con-
sistingof secondary suspensionspring and damper
(for body support and wheel-hop damping), and
a skyhook-likedamper for improved sprung-mass

Normalized RMS primary rattle

Fig. 22. Optimal performance boundaries for r, = 10-4 and
rz = 10–5and experimentalresults El, E2,Es, for a quarter-car
setup with an activesuspension(mu,= 2n. 12rads - 1,p = 12.5)

(Hrovat, 1987-1988).

damping and isolation.This is a suboptimal policy
since it neglects tire deflection feedback. In many
cases (but not always!)the effectsof such an ap-
proximation are insignificant.

A similarapproximation was used in quarter-car
laboratory experiments with a wide-bandwidth
electro-hydraulicsuspensionleading to the results
shown in Fig. 22, where control gains have been
adapted to the assumed varying road conditions
(Hrovat, 1987-1988).The comparison with super-
imposed optimal 2 DOF curves shows that, al-
though not optimal, the experimentalresultsfollow
the desired trends and are relatively close to the
best possible performance. This at the same time
gives credence to the underlying optimal analysis
and proposed adaptive concepts.

It should be pointed out that even a limited
amount of “real-life”,experimental experiencecan
be extremelyimportant to appreciate the effectsof
often neglected,but in practice potentially crucial
phenomena such as dry frictionand actuator band-
width and fidelity.Indeed, researchers and engin-
eers dealing with the related hardware quickly
learn of the omnipresenceof dry or Coulomb fric-
tion. The presence of dry friction is probably the
main reason why some of the early prototype and
production units show less ride improvement than
wouldbe expectedbasedon the analysis.To thisend
recent increasedemphasison experimentalcorrob-
oration, as seen for examplefrom Ivers and Miller
(1991),Rajamani and Hedrick (1991),Yamaguchiet
al.(1992),Alleyneet al.(1992),and Ono et al.(1994),
is a welcomestep in the right direction.

Even a relatively small amount of dry friction
can substantially degrade ride performance. For
example, for a 3000lb vehicle with a per-corner
weightof 750lb, a correspondingactuator dry fric-
tion of only 25 lb can contribute to a respectable
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3.3Y0g rms sprung mass acceleration.To see this,
assume that the commanded acceleration (or cor-
responding force) is zero, that the actuator band-
width is below the wheel hop frequency,and that
the wheel-hop dynamic motion is sufficientlyagile
to “break” the friction (if it were not, then by the
previousdiscussionthe suspensionwould lock and
result in the undesirable situation of a “ride-on-
tires”).

Another important aspect of practical signifi-
cance for activesuspensionsis the issueof actuator
dynamics. The first level of optimization analyses
presented thus far serves to establish performance
potentials of an idealized active suspension ac-
tuator, capable of delivering any force, infinitely
fast. Sincethe main objectiveof such studieswas to
establish a global snapshot of the maximum pos-
sible benefits, it was natural to consider such an
idealized and simplified actuator. However, in
practice, obtaining high-fidelityactuation is a very
challengingtask, requiring a full understanding of
underlying system dynamics and a mastery of
mechatronic hardware design skills (Hrovat and
Hubbard, 1987).

Once the upper bounds of vehiclesystemperfor-
mance have been established,the next levelof anal-
ysiswould typicallyinclude (hardware specific)ac-
tuator dynamics(Alleyneand Hedrick, 1995),espe-
cially actuator bandwidth limitations and require-
ments. More precisely, this typically refers to ac-
tuator force generation bandwidth for all possible
motions across the actuator mounting points. One
distinguishes between narrowllow-bandwidth or
slow-active, and broadihigh-bandwidth suspen-
sions similar to the prototypes developedby Lotus
and other suppliers and car manufacturers. The
former attempt to control only the relativelyslow
body mode and as such their bandwidth is typically
below 3–5Hz.

On the other hand, the broad-bandwidth suspen-
sions attempt to control both the body and wheel-
hop modes, and thus their bandwidth should be
typicallyabove 15–20Hz.

One way to control the bandwidth is by intro-
duction of additional compliance in the form of
gas-spring accumulators possibly augmented with
(SA) damping. This has a positive side-effectof
providing a high-frequency,NVH isolation. Addi-
tional insightinto related structure and dynamicsis
given by Karnopp (1987),where typical narrow-
bandwidth suspension configurations were ana-
lyzed with the help of bond graph modelingmeth-
odology applied to simple, quarter-car vehicle
modelsshown in Fig. 23.A genericsuspensioncon-
figuration from Fig. 23(a)includesa (possiblyvari-
able) hydraulic damping valve, hydro-pneumatic
accumulator, and two oil flowsources,QAand QB,
controlled by appropriate electro-hydraulicvalves,

for example.The equivalent, all mechanical struc-
ture can then be derived with the help of a bond
graph from Fig. 23(b)with a transformer ratio set
to one. The resulting structure is shown in
Fig. 23(c).Note that the hydraulic damping and
pneumatic complianceare in effectacting geomet-
rically in parallel with each other.

In practice,only one of the two flowsourceswill
be present. One examplewhen only VAis present is
shown in Fig. 23(d).This configurationis typicalof
air suspensions actuators. On the other hand,
a possible hardware structure for the case when
only V~is present, is shown in Fig. 23(e),which is
similar to a typicalhydraulic suspensionunit. Fur-
ther potentially important extensionsof the above
genericconfigurationsmay includea consideration
of hydraulic inertias, valve/solenoid dynamics,
spool resistances and other related effects,which
can be elegantlyincorporated with the help of the
bond graph modeling technique.

An example of narrow-bandwidth suspension
hardware is shown in Fig. 24(a)based on Akatsu et
al.(1990).It includes:(1) an accumulator (forband-
width limitation); (2) a mechanical, supporting
spring(although this may be absent in some imple-
mentations);and (3) a relativelyinexpensivepres-
sure control valve. Structurally, this hardware is
similar to the configuration from Fig. 23(e),with
the single flow source VB.Note the single-acting
actuator configuration which is simple and inex-
pensive.It does, however,limit the systemcontrol-
lability on the rebound stroke, which is in good
part determined by the spring/accumulator set-
tings.While typical, the configuration of Fig. 24(a)
is not the only one possible and future narrow-
bandwidth suspensionsmay profit from the added
flexibilityof double-actingactuators and judicious
choice of accumulators and parallel springs.

Another hardware alternative would result by
replacing the above pressure-control valve in
Fig. 24(a),with an appropriate flow-controlvalve.
A schematic of a typical proportional, pressure-
compensated flow control valve (Merritt, 1967)is
shownin Fig. 24(b).It consistsofa pressurecontrol
valveaugmented by a solenoid-controlledflowme-
tering orifice.Due to a particular interconnection
between the two, the valve spool will maintain (at
the steady state) a constant pressure drop AP
across the metering orifice,which is preset to a de-
sired value through appropriate solenoid control
voltage.This, in turn, willresult in a desired output
flow, independent of input and output pressure
variations.

In the context of narrow-bandwidth suspension
actuators, a possibleapplication of the above flow-
control valve, can be rationalized as follows.Any
force production with such an actuator will be
accompanied with corresponding displacements
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Narrow-bandwidthsuspensionconfigurations:(a) genericstructure;(b) correspondingbond graph;(c) equivalentmechanical
system;(d) typical structure with QB= O;(e) typical structure with Q~= O(based on Karnopp, 1987).

and velocities of the in-series compliance [cf.
Fig. 23(e)and Fig. 24]. Thus, in this case,instead of
a forcecontrol (whichis a more common and more
direct approach), one could consider the related
flow-or velocity-controlproblem. However,due to
the hardware simplicity,the more direct approach
via the pressurecontrol valveseemsto be preferred
in practice, and is the only one seen in actual
production implementations thus far. Additional
information about the narrow-bandwidth active
suspensions,including important design/structural
considerations,performancepotentials, and power
requirements, can be found in (Karnopp, 1987;
Sharp and Hassan, 1987;Hrovat, 1987;Williamset
al., 1993).

Barring possibleexceptionsdue to extraordinari-
ly cleverdesigns(or lack thereof), it is in general to
be expectedthat the broad-bandwidth systemswill
be more difficultto implement.Also, according to
Hillebrecht et al. (1992)since this type of suspen-

sion must contain the high-frequencyroad-induced
,vibrationsvery rapidly, it is expectedthat “the cost
of the hardware is therefore extremely high” (in
reality,due to a finite suspensionbandwidth, there
will always be a need for in-series compliance,
which is currently provided via bushings and
mounts). Moreover, the same referenceanticipates
the correspondingfuel consumption to rise signifi-
cantly.On the other hand one could also argue that
there is a potential for increased fuel consumption
of narrow-bandwidth suspensionsdue to increased
pump flowrequirement caused by more compliant
actuator structure,whichcan also be more sensitive
to changes in suspension spring rate (Goran and
Smith, 1996).

If the more complexbroad-bandwidth approach
is to be justified, it must show clear prospects for
functional improvements above and beyond what
can be expected from its narrow-bandwidth
counterpart. The influenceof actuator bandwidth
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Fig. 24. Schematicdiagram of Nissan Infinity Q45a ElectrohydraulicPressure Control System(based on Akatsu et al., 1990).

on basic system performance is shown in Fig. 25
from Tseng and Hrovat (1991),based on Hrovat
(1987)where the actuator forceproduction dynam-
ics has been approximated via a simple,first-order,
low-pass filter of a specified bandwidth. From
Fig. 25, it can be seen that the performance of the
5 Hz bandwidth actuator is already very close to
the limitingcurvescorresponding to the ideal, infi-
nitely-fastactuators. This is in accordance with the
previous observation (Chalasani, 1986a,b) that,
based on the 2 DOF quarter-car model,most of the
ride benefitscan be expectedaround the slow,body
mode. Since the latter is typically around 1–2Hz,
an actuator with a 5 Hz bandwidth would appear

well-positionedto achievemost of the benefits.The
approximate analysisof Fig. 25 supports these ex-
pectationsand offersa justificationfor the usage of
narrow-bandwidth actuators.

It should be re-emphasizedthat the above is only
an approximate analysis, because in practice, be-
yond certain frequencies, any suspension perfor-
mance is dominated by relevant passive compo-
nents.Also,as pointed out by Hrovat and Hubbard
(1987)the actual active suspension force produc-
tion within the desired bandwidth and road distur-
bance constraints is a challengingtopic in its own
right, that may require original and ingeniousde-
signsolutions.One possibleapproach may include
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Fig. 25. Activesuspensionperformancewith varying actuator bandwidth~u(Tsengand Hrovat, 1991).

the usage of sturdy, polymer-based tug-and-twist
actuators proposed by Paynter (1988,1996).

Another interesting design alternative was pro-
posed in (van der Knaap, 1989; Knaap and
Pacejka, 1993), and analyzedlevaluated in Ven-
hovens et al. (1992)and Knaap et al. (1994).Con-
ceptually,the authors propose to control the over-
all suspension force via the mechanism shown in
Fig. 26.The suspensionmechanismforceFc is con-
trolled by changing the adjustable lever distance
“b” in Fig. 26.This conceptwas realizedin practice
through a clever, albeit somewhat involved 3D
contraption comprised of a cone mechanism with
one end of the spring S from Fig. 26 attached to the
vehiclesprung mass at point A, and the other to an
adjustable crank mechanism regulated by an elec-
trical servomechanism(Venhovenset al.,1992).The
crank rotation causesthe spring to rotate along the
surfaceof an imaginary cone,with the length of the
spring remaining theoretically constant (assuming
no ground-induced motion). The net effectis that
the force Fc from Fig. 26 is now continuouslycon-
trolled through the servo-crank mechanism rota-
tions, with ideally negligiblepower consumption.

To date, the authors reported good successwith
the attitude control during cornering and braking.
However, although theoretically zero or very low
power requirements were expected based on
idealizedcalculations, in practical implementation

the power consumption was still significant,and
amounted to an average consumption of circa
500W, with peaks of 2.5kW. This could be at-
tributed to a particular design implementation
(friction,etc.), as well as the difficultiesassociated
with the construction ofan ideal,modulated energy
device.Also,limitedride tests to date showrelative-
ly modest, only about 10’34oimprovements in the
rms accelerations, which are primarily concen-
trated around the dominant, sprung mass oscilla-
tion mode. Since the above concept imbeds the
characteristicsof a variable spring,semi-activesus-
pension, it is expected to have significantpractical
ride improvementpotentials,whichmay be materi-
alized through further developments and design
changes.

The present status in industry as seen from the
recentproduction entries,confirmsthe above state-
ments. Indeed, although there are several produc-
tion examples of electronically controlled load
levelingand damping (cf.e.g. Chance, 1984;Soltis,
1987),the only active units in production are all of
the narrow-bandwidth type,and can be seen,on the
Nissan InfinityQ45a and the Toyota Celica.This is
despite the fact that the development of broad-
bandwidth units had a “head-start” advantage
through, for example,Lotus’work as demonstrated
in the early 1980s.It is interesting that the (early)
Lotus effortdid not seemto use skyhook damping
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I
Fig. 26. DeIft suspension mechanism with variable lever “b”

(based on Venhovenset al., 1992).

(Thompson and Davis, 1991),whichmay be part of
the reason for the lack of corresponding ride im-
provements. It is also to be observed that, strictly
speaking, some “wide bandwidth” actuators may
not qualify as such according to the above defini-
tion in terms of force production capability, espe-
cially around the wheel-hop frequency. Conse-
quently, to establish the widebandwidth capability
of a given actuator, one must first verify that its
force frequency response is flat up to the cutoff
(3db) frequency,for differentcommand forcelevels,
and different actuator mounting point motions.
However,in practice one seldom seesdata demon-
strating that this test has been satisfied for the
candidate wideband suspensions.

Nevertheless, the pioneers from Lotus deserve
fullcredit for usheringin the trend toward automo-
tive applications of active suspensions. Also, the
jury is still out as far as what the “ultimate” active
suspensionshould be, and it is anticipated that the
distinction between narrow- and broad-bandwidth
suspensionswill gradually diminish as the overall
suspension(“in-series”)compliancebecomesan im-
portant control variable. The potential advantages
of broad-bandwidth suspensionsmay be expected
in the areas of (adaptive)Coulomb friction reduc-
tion, new/improved functions, improved handling,
and eventually safety, through rapid preview ac-

tion, for example.As shownin Fig. 16(b),as little as
a 50ms ofpreviewcan lead to significantreduction
in tire deflection.It is anticipated that, sincemost of
this improvement comes from better wheel-hop
control, the broad-bandwidth actuators may be
called for here. More precise bandwidth require-
ments should be the subject of future studies ex-
tending the efforts that lead to Fig. 25. Also, the
establishingof the extent of the benefitsfrom a re-
duced deflection magnitude will require further
analytical and actual vehicle test investigations.
Fast-acting suspensionunits willbe very usefulfor
such and similar studies, where the desired band-
width can be gradually altered through inter-
changeablepassivemodules. A potentially attract-
ive,electro-mechanicalimplementationof a practi-
cal broad-bandwidth actuator has been proposed
in (Davis and Patil, 1992;Miller et al., 1992).The
proposed Electrical Active Suspension (EAS) ac-
tuator consisted of a ball-nut combination, which
was used to transform the rotational power from
a highly efficientpermanent magnet electromotor
into a correspondingsuspensionforce and transla-
tional velocity.The main advantagesof such a con-
cept are in its inherent regenerativecapabilitiesand
relativelyhigh bandwidth potentials.

As far as the performance of recent production
units is concerned, there are somewhat mixed im-
pressions.While there appear to be some tangible
improvementsin handling,as seenthrough reduced
roll and pitch during cornering and braking
(Akatsu et al., 1990;Goto et al., 1990),the ride
improvementsare lesscertain. Some of the reasons
for this may be in the relatively high levels of
inherent systemdamping(Akatsuet al.,1990),inad-
equate inner-loop force generation capability, and
the usageof non-optimal and non-adaptivecontrol
algorithms.There is also a lack of rms data, which
would facilitate more objective and complete as-
sessmentsbased on the above analysis.The limited
available rms acceleration data (Akatsu et al.,
1990),whileencouraging,indicate somewhat mod-
est, about 25°/0improvementsalthough no corres-
ponding tire and suspension deflection data were
given.This levelof improvementsmay not be suffi-
cient to justify relativelyhigh introductory costs of
active suspensions (Konik et al., 1992;Schreffler,
1994).

The above cost and complexityissueshave been
partially offsetthrough the recentlyintroduced ac-
tive and semi-activeroll-control suspensions.It is
well known that a good ride comfort can be
achieved with softly-tuned passive or semi-active
suspension, with corresponding soft roll bar set-
tings. However, this will result in large pitch and
roll motions during more aggressivebraking and
cornering, respectively.The active (or semi-active)
roll control is then used to satisfythese conflicting
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constraints. In practice, the concept is typically
realized by inserting a small hydraulic jack and
a gas spring (an accumulator) with a control sol-
enoid, all placed in serieswith the anti-rollbar. The
anti-roll bar now can be as stiff as in saloon race
cars, without negativelyimpacting the straight line
ride since the solenoid connecting the hydraulic
jack and the accumulator is kept open, thus lower-
ing the effectivestiffnessof the roll-bar–accumula-
tor combination.

During turns, however,the solenoidis closed,so
that the full stiffnessof the beefed-upanti-roll bar
acts to prevent excessivevehicleroll. In the case of
extreme turns, the anti-roll action can be further
amplifiedby directing a high pressure oil into the
appropriate hydraulic jack cylinder.A production
implementation of this concept can be found in
1995 Citroen Xantia Activa (Anonymous, 1995;
Ney, 1996),where it effectivelyaugments the al-
ready establishedride capabilitiesof their Hydrac-
tive suspension(Carbonaro, 1990).

Similar roll-control benefits were discussed in
(Reusinget al., 1992),where increasedanti-rollmo-
ments have been achieved with the help of a hy-
draulic rotary actuator inserted around the middle
of the stabilizer bar. Additional analytical and
experimental aspects of roll control have been
addressed in many recent papers. For example,an
analysis of roll control during a cornering maneu-
ver with a narrow-bandwidth suspensionwas per-
formed in (Shuttlewood et al., 1992), and the
achievable roll response performance with active
suspension actuators is presented in (Dorling and
Cibon, 1996).An application of active roll stabiliz-
ation for commercial trucks is described by
Kusahara et al. (1994).The effectivenessof roll mo-
ment distribution control with active suspensions
has been investigated through analysis and com-
puter simulation (Abe, 1992;Cooke et al., 1996),as
well as actual vehicletests (Williamsand Haddad,
1995).

In summary, even though the first generation of
active suspensions clearly leaves some room for
improvements,it also providesvaluableexperience
to be used for the design and developmentof more
mature and improved, next generation products.
Someof the above-mentionedalternativesand pre-
liminary data from (Inagaki et al., 1992) seem
promising in this regard.

6.5. Other aspects
So far the main focuswas on applicationsdealing

with models limited to rigid body dynamics only.
This includes vehicleheave, pitch, and roll modes.
A consideration of some flexiblemode effectscan
be found in Hac (1986),Nagai and Sawada (1987),
and Patten et al. (1990),for example. Moreover,
these models were almost exclusively given for

time-invariant systems,which implies constant or
near constant, cruising vehicle speeds. This is
a mode of operation most relevant for the ride
dynamics.For the cases where vehicle speed vari-
ation is important, an extensiontoward a standard
LQG, time-varyingsetting can be found in (Ham-
mond and Harrison, 1981;Harrison, 1991).

It should also be pointed out that the surveyed
work primarily focuses on the secondary suspen-
sions.Additionalbenefitsin improved ride comfort
and reduced tire loads can be achievedby control-
ling/modifyingthe primary suspensions,e.g. with
softer tires (Redlich and Wallentowitz, 1994) or
with additional tire damping (Bachrach and Rivin,
1983). Further benefits can also be achieved
through proper tire “posture”,by activelychanging
suspension geometry (camber, caster), as was re-
cently proposed in the form of the prototype “bi-
odynamicssuspension”(Mitamura, 1994).The be-
nefit potentials of active cab and seat isolation for
heavy commercialvehiclesare addressed in (Alex-
andridis and Weber, 1984)and (Stein and Ballo,
1991;Ballo, 1995),respectively.

It is believedthat the above optimal control and
robustness results provide a solid base for fault
tolerant control design,which typicallyconstitutes
the next important step in developing a product.
This includes the generation of suitable dynamic
models needed for system diagnostics and failure
accommodation strategies.While all these aspects
are extremely important and must be addressed
prior to production, they are beyond the scope of
the present paper. The interested reader is referred
to ongoing research publications in this dynamic
field (e.g.DeBenito and Eckert, 1990).

In addition to fault analysis and accommoda-
tion, the areas of fuzzy logic and neural network
control applications can also benefit from the
above optimal control findings.This includes the
choiceofproper input variablesand overallcontrol
policy which, at least to a first degree, may mimic
the LQ-optimal logic. Due to their practical and
intuitive appeal, these techniques, and especially
fuzzy logic,may be an efficient“digestive”mecha-
nism to bring the more structured control ap-
proaches “home’’-in the production car suspen-
sions,power trains, brakes, and other devices.

The emphasis in the present paper was on opti-
mal control applications to the design of advanced
automotive suspensions, although many con-
clusions apply in general to other transportation
areas. For more specificsurveysof resultspertinent
to commercialvehicleapplications (Gohring et al.,
1992;Vohringer et al., 1994);rail vehicledynamics
(Goodall et al., 1981;Williams,1981;Goodall and
Kortum, 1983); magnetically-suspended vehicles
(Gottzein et al., 1977;Goodall and Williams,1984;
Nagai and Tanaka, 1992);off-road and military
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vehicles(Horton and Crolla, 1986);race cars (Metz
and Maddock, 1986;Millikenand Milliken, 1995);
surface effect ships (Sorensen and Egeland, 1995)
and other vehicles, the interested reader should
consult the cited papers and referencestherein.

An integrated treatment ofactivesuspensionper-
formance in the broader context of activevibration
isolation, as well as the rapidly expanding area of
automotive electronicsand control, can be found in
Fuller et al. (1996),Tomizuka and Hedrick (1995)
and Jurgen (1995).An introduction to the subjectof
advanced suspensions,and suspensionsystemsand
vehicle dynamics in general, can be found in a
number of related books e.g. Bastow (1990),Wong
(1993),Gillespie (1994).Earlier advanced suspen-
sion surveysfrom the perspectiveof European and
Japanese researchers, can be found in Sharp and
Crolla (1987)and Nagai (1993),respectively.Aclas-
sifiedbibliographyof more than 500papers related
to the design and analysis of advanced ground
vehicle suspension systems was compiled by El-
beheiry et al. (1995).

It should be mentioned that active suspensions
can be integrated with other advanced vehiclesub-
systemsinto more effective,overall interactive ve-
hicle control systems. This in turn will lead to
superior and new functions that will impact many
aspects of vehicleperformance and safety (Yokoya
et al., 1990;Matsuo et al., 1990;Yonekawa et al.,
1991;Ono et al., 1992;Sato et al., 1992;Mitamura,
1994;Potter et al., 1996).Most of these references
typicallycombineactiveor semi-activesuspensions
with four-wheel-steer (4WS), anti-lock braking
(ABS)and four-wheel-drive(4WD) to achieve su-
perior performance,handling control, ride comfort
and overallvehiclesafetyduring acceleration/brak-
ing on straight-line driving, as well as in turns on
dry or slipperyroads. Further major potential func-
tional improvements,especiallyin the area ofactive
safety and accident prevention, are anticipated by
combining differentadvanced suspensionconcepts
with recently introduced VehicleDynamic/Stabil-
ity Control or Interactive VehicleDynamic control
(VDC/FDR, VSC, IVD) schemes(e.g.Van Zanten
et al., 1994).Finally, while the present survey is
obviously limited to terrestrial applications only,
those interested for suspensionand mobility issues
in other (e.g. lunar) environments should consult
Wallace and Rao (1993)and referencestherein.

7. CONCLUDING REMARKS

Based on the two or three decades of analytical
developments,it can be concluded that each of the
above discussed vehicle models with increasing
complexity had a useful evolutionary role and
contributed to subsequent advancements. For

example, the analysis based on a simple 1 DOF,
quarter-car model established that active suspen-
sionshave a potential to substantiallyimprove ride
and handling when compared with their conven-
tional, passivecounterparts. The resulting optimal
structure gave birth to the concepts of skyhook
damping and fast load levelingwhich are now be-
ing developed toward actual, large-scale produc-
tion applications.

The fundamental insightgained from this simple
model created a solid foundation for the next step,
i.e. investigation of 2 DOF, quarter-car models
which include wheel-hopdynamics.This introduc-
ed an additional handling-related constraint with
associated loss of performance when compared
with the 1 DOF case. Much of this loss can be
recovered via appropriate structural changes such
as the introduction of dynamic (vibration)absorb-
ers and reduction of unsprung masses.

Once a good understanding of active suspension
capabilitiesbased upon the ID quarter-car models
has been obtained, the next natural step is to con-
sider 2D models that include pitch and heave
modes. The additional dimension creates oppor-
tunities for preview control through front wheels.
This can lead to further significantimprovements
in ride and handling. Finally, it is believed that
a comprehensiveconsiderationoffull-car,3D mod-
els in conjunction with other activevehiclecontrol
schemeswill bring further distinct functional and
safety-relatedbenefits. A more precise quantifica-
tion of the latter is the subject of ongoing research
efforts.

In closing, it should be reemphasized that the
above somewhat idealized optimal control ap-
proach is not a panacea, and it does not contain all
the answers and micro details that are needed for
a practical implementationof advanced suspension
concepts. For example, most of the results are
based under the assumption of an ideal, infinite
bandwidth force-production actuator. In reality,
the latter will always have a limited bandwidth,
which will also be sensitive to the road-induced
disturbances (Hrovat and Hubbard, 1987).Addi-
tional factors influencing practical implementa-
tions include considerations of: sensor perfor-
mance, reliability and cost; overall system power
consumption, weight, cost and packaging require-
ments (Goran et al.,1992);and more preciseoverall
ride and handling implications to be assessed
through tests and more detailed vehicle models
(Orlandea and Chase, 1977;Wilson and Bachrach,
1984;Sayers and Mousseau, 1990).

One could easily be overwhelmedby the above
numerous considerations (which could be further
obscured by sometimes too optimistic advertise-
ments about “omnipotent, latest-and-greatest”
control techniques)and become“lost in a jungle of
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details”.It is preciselyfor this reason that the above
relativelysimpleoptimal control path is advocated:
by predicting the main trends in terms of perfor-
mance, suspension structure, and bandwidth, the
approach serves as a beacon through the “jungle”
avoiding the quicksand of endless and rudderless
trial-and-error iterations.
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