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Axisymmetric Equation of

Equilibrium
(Geometry)

,‘

: p, = internal pressure
YA 0 = angular position coordinate
dd_—b ‘
8
- X

r = radial position coordinate

u = displacement in r - direction

v = displacement in 0 - direction
J

Axisymmetric = Nothing varies in the 0 - direction.

0

—~ =0
d0

Ugural, Fig. 8.1(a)



Axisymmetric Equation of

Equilibrium
(Differential Element)
dg/2

at
d0

T, = 0, due to stress compatibility

= 0, due to axisymmetric constraint

Ugural, Fig. 8.1(b)



Axisymmetric Equation of

Equilibrium
do . (do
G+ afdr (r+dr)d0-dz-2c, sin ~ drdz-c, -rd0-dz+Frd0-dr-dz=0
r
rdcr +6,—06,+rF =0
dr

F. =radial body force per unit volume



Strain Displacement Equations

dr + a_u dr —dr
E = ar = d—u
' dr dr

(r+u)dd-rdd u
86: = —

rdO r




Constitutive Equations

Hooke’s Law

Stress-Strain equations are often

1 referred to as constitutive
eE.= E (Gr — VGO )

r

equations, because they depend
on what the part 1s made of.
The equilibrium and strain-
displacement equations are
independent of the material.

Webster, “constitutive - making
a thing what 1t 1s, essential”




Summary of
Axisymmetric Equations

Equilibrium Equation Constitutive Equations
1
dcr_|_cr_69 +Fr:O Sr:_(Gr_VGO)
dr I
1
N : Se:_(Ge_VGr)
Strain-Displacement Equations E

du u
€, =—, € =—
" dr r



Thick Walled Cylinders

(Displacement Differential Equation)

}

a = nside radius

b = outside radius
p, =internal pressure

p, = external pressure

3 1

E
Gr — 1_\)2 (8r +V89)
Gy _I—Ev2 (g, +ve,)

Ugural, Fig. 8.2



Thick Walled Cylinders

(General Solution & Boundary Conditions)

vj

d’u 1du u
—+t———-—=0
dr- rdr r

General Solution

C
u=Cr+—=
r

Ugural, Fig. 8.2



Thick Walled Cylinders

(Boundary Conditions)

) 5 =— {cl(lw)—cz(l_fﬂ

l—v

1-v|a’p, —b’p
O.., = b C = 1 >
r=a p 1 E |: b2_a2
o 1+v[a®d’(p,-p,)
Gr r=b :_po 2 E bz—a2

Ugural, Fig. 8.2



Thick Walled Cylinders

(Lame’ Equations)

"} _ azpi _bzpo (pi — P, )azbz

\\, O, bl_a2 (bz_az)rz
.Z‘A -

azpi _b2p0 (p1 _po )a2b2
- b2 _ g2 t (bz_az)rz

u= 1-v (azpi —bzpo)r_l_ 1+v (p, _po)a2b2
" E b*—a’ E (bz—az)r

Ugural, Fig. 8.2



Longitudinal Strain

8z :%(Gz _VGI‘ _VGG)

Ends are unconstrained

and open,c, =0

(Unconstrained and Open Ends)

G, +0, = > [C1(1+v)]
l—v
—2v-C,
g, =
l—v

SZ:_%(Gr—I_GB)
E | l-v
Grzl_vz _C1(1+V)—C2( 1'2 j:|
E | l—v
0y = _C1(1+v)+C2( S H

Note that 6, + o, = Constant



Longitudinal Stress
(Constrained Ends)

1

e =0=—(c, —vo.—vo,)

’ E

0, :V(Gr +(59)

G, +0, =2—E2[C1(1+v)]
v

2 2
o :2\/(& 512 bzpoj
—a

Note that 6, = Constant



Longitudinal Stress
(Closed and Unconstrained Ends)

_____________________________

L1l

c 7t(b2 —a2)+p07t°b2 —pm-a’=0

zZ

_ pia2 _p0b2
z b2 — g2
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Special Cases

Internal Pressure Only

2 2
G, = ? piz (1_]32j
b —a r

o, =0, unconstrained

External Pressure Only

2 2
G, =~ ]23 P02 (1_3'2]
b —a r

b2p0 a2
GO :_b2 _a2 (l‘l‘rzj

o, =0, unconstrained

2
2v-a’p. ] 2v-b'p )
G, =— F; L constrained 6, =——5—,constrained
b”—a b"—a
2 b?
d . . —_ po .
0, =1 b; - » closed and unconstrained - = " 2 2> closed & unconstrained

—d



-1.01

Stress Variation

b/a=4

Internal Pressure Only
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External Pressure Only

Ugural, Fig. 8.3



