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Abstract—This paper concerns the modeling of an eddy current
damper with a finite conducting plate. In the eddy current damper,
a finite rectangular conducting plate is moving between cuboidal
magnets. The first step of the modeling method is based on an
infinite conducting plate. For this infinite conducting plate, the
eddy current density is derived using two different methods, the
scalar potential method and the vector potential method. The finite
boundaries of the conducting plate are included by means of the
method of images in two dimensions and, therewith, complete
the model. By applying the method of images, the accuracy of
the models for calculating the damping coefficient is significantly
improved. The assumption of an infinite conducting plate gives
less than 15% error for a conducting plate with at least twice
the dimensions of the permanent magnet. Applying the method
of images reduces the modeling error for a conducting plate with
two times the permanent-magnet dimensions to less than 3% in
respect to a finite-element model. For the verification of the semi-
analytical model, measurements are performed. For a variation of
the plate width, the presented semianalytical model has less than
5% discrepancy with respect to the measurements.

Index Terms—Eddy current damping, eddy currents, electro-
magnetic forces, electromagnetic modeling, finite-element method
(FEM), magnetic devices, method of images, permanent magnets.

NOMENCLATURE

�A Magnetic vector potential.
�B Magnetic flux density.
�E Electric field strength.
�Fd Damping force.
�Je Eddy current density.
�e Unit vector.
Br Remanent flux density of permanent magnet.
J Current density.
Ms Magnetization of a permanent magnet.
d Damping coefficient.
v Velocity of the conducting plate.
xn, ym, zk Corner coordinates of permanent magnet.
μ0 Permeability of vacuum 4π · 10−7 H/m.
σ Conductivity.
σm Magnetic equivalent charge.
Ã Three-dimensional Fourier transform of �A.
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J̃ Three-dimensional Fourier transform of �Je.
F−1

q , Fq (Inverse) Fourier transform to q.
E, X , Y Matrix representation.
AM (Semi-)Analytical model.
AM-M (Semi-)Analytical model with mirrors.
FEM Finite-element method.
SPM Scalar potential method.
VPM Vector potential method.

I. INTRODUCTION

MODERN electromagnetic applications have ever in-
creasing requirements. Unfortunately, there are many

parasitic effects in these applications, and they are becom-
ing the limiting factor for their performance. One of these
performance-decreasing effects is the occurrence of eddy cur-
rents [1], [2]. Every conductive material which experiences a
change in magnetic field will induce eddy currents, desired [3]
or undesired [4]. To accurately predict eddy current phenom-
ena, this paper derives the eddy currents occurring in an eddy
current damper [5]. In an eddy current damper, the conductive
material is experiencing a traveling magnetic field, or the
conductive material is moving in a stationary magnetic field.
These eddy currents create a force counteracting the movement.
The modeling of electromagnetic devices is commonly done by
means of numerical methods (finite-element analysis [6]–[8])
or by (semi-)analytical models [9]–[13].

Most analytical and semianalytical modeling techniques for
eddy current phenomena assume that the eddy currents are
induced in a predefined coil or in a conducting material which
has an infinitely small thickness and infinite dimensions in the
direction of the eddy currents [14]. However, when the size
of the conducting material is comparable to the dimensions of
the source of the magnetic field, the modeling error made by
assuming an infinite conductor is significant. The configuration
of a passive eddy current damper with two permanent magnets
and a conductive plate is illustrated in Fig. 1(b). In case of
a cylindrical conductor, the method of images is frequently
used to mimic the finite dimensions of this conductor [15],
[16]. Applying the method of images in two dimensions on
the electrostatic field solutions in rectangular wave guides [17],
[18] is a known practice.

This paper applies the method of images to extract the eddy
current density in a finite rectangular plate. A 3-D semianalyti-
cal modeling method is proposed to calculate the damping force
in a passive eddy current device. Instead of neglecting the error
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Fig. 1. (a) Real eddy current damper with permanent magnets, (b) the full 3-D
topology concerned in the modeling, and the (c) side view and (d) top view of
the topology of the eddy current damper simplified to one magnet.

made with assuming that the conducting plate is infinite (as it is
done in [19]) or approximating a rectangular conducting plate
by a cylindrical one (see [5]), this paper uses the method of
images in two dimensions to include the finite boundaries of
the rectangular conducting plate. For verification, a 3-D finite-
element analysis model is used. The semianalytical modeling
method, both with and without finite boundaries, is compared
for a variation in the dimensions of the conductive plate with
respect to the permanent-magnet size [20]. For a comparison
with measurements, a test setup is created to measure the
damping force on a constant linear movement due to eddy
current damping. For a decent verification, the remanence of the
permanent magnets and the conductivity of the used aluminum
plates are separately measured. Afterward, the measurements
are compared to the modeling results.

II. PROBLEM DEFINITION

In Fig. 1(a), a rectangular plate of conductive material mov-
ing through a magnetic field induced by permanent magnets
is shown [a 3-D sketch is given in Fig. 1(b)]. The perma-
nent magnets are positioned on each side of the conductive
plate. Both permanent magnets are magnetized in the positive
z-direction. Furthermore, the permanent magnets are assumed
to be uniformly and homogeneously magnetized, and the per-
manent magnets are not demagnetized in time (for instance,
due to overloading or high-temperature operations). Only linear
materials are used in the models, and the conductive plate is
moving along the y-axis with velocity v.

A reduction in computational efforts in the semianalytical
model is obtained by modeling only one magnet as is shown
in Fig. 1(c). The other magnet is afterward included by means
of superposition on the solution of the first magnet. In the
first modeling step, it is assumed that the conducting plate is
infinitely large in both the x- and y-directions, while its size

Fig. 2. Charge model for the permanent magnet as given in Fig. 1(c).

in the z-direction remains finite (see Section III-A and B).
Afterward, the method of images is applied on the eddy current
density derived for an infinite plate in Section III-C.

The skin effect inside the conductor is assumed to be negligi-
ble based on the low velocity of v = 0.5 m · s−1. A movement
with this velocity is for the given magnet dimensions (ym =
26 mm) comparable with a frequency of 20 Hz, for which the
skin depth in the used aluminum is approximately 20 mm. For
the observed situation, the eddy currents are originating from
both the top and the bottom edge of the conducting plate. In
the center of the used conducting plate (zp = 10 mm), a current
density is modeled that is ≤ 4% smaller than the current density
on the top or bottom surface. This validates the assumption of
neglecting the skin effect.

III. MODELING

The modeling of the eddy current damping phenomenon con-
sists of three steps, finding the magnetic flux density, deriving
the eddy current density for an infinite conducting plate, and
apply 2-D mirroring to obtain a finite conducting plate. The
first two steps will be done with two different methods, namely,
SPM and VPM.

A. SPM

In eddy current damping, the eddy currents are occurring
based on the changing magnetic field. This magnetic field
originates from two permanent magnets. In the SPM, the charge
model [21], [22] is proposed to model the magnetic flux density
originating from these magnets. In the charge modeling, the
actual permanent magnet is replaced by magnetic equivalent
charges in the volume and on the surfaces. Since only uniformly
magnetized magnets are taken into account, the charge model
only contains surface charges. These surface charges occur
on the surfaces which are perpendicular to the magnetization
direction of the permanent magnet. The obtained charge model
is illustrated in Fig. 2.

Based on Green’s space function, the magnetic flux density
at any point in the space, due to a magnetic equivalent charge, is
calculated. By integrating the magnetic equivalent charge over
the full surface of the permanent magnet, the magnetic flux
density due to the permanent magnet is obtained. This results
in a magnetic flux density description [21] given by

Bx(x, y, z) =
μ0Ms

4π

1∑
k,n,m=0

(−1)k+n+m ln{g + T} (1)

By(x, y, z) =
μ0Ms

4π

1∑
k,n,m=0

(−1)k+n+m ln{−f + T} (2)
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Bz(x, y, z) =
μ0Ms

4π

1∑
k,n,m=0

(−1)k+n+m arctan

{
fg

hT

}
(3)

where

T =
√

f2 + g2 + h2 (4)

f =(x− xn) (5)

g =(y − ym) (6)

h =(z − zk) (7)

Ms =
Br

μ0
(8)

xn, ym, and zk represent the coordinates of the corners of the
permanent magnet, and x, y, and z are the coordinates of the
observation point. Furthermore, it holds that the surface charge
is given by σm = Ms = Br/μ0 since the magnet is located in
free space.

The magnetic flux density of the second permanent magnet
can be superimposed on the magnetic flux density from the
first magnet. This is not a simple duplication of the field of the
first magnet since the observation point might have a different
distance to the corners of the first and the second magnet. A
comparison between the modeling results for the magnetic flux
density and the finite-element model is given in Section V.

For the situation as shown in Fig. 1(c) and (d), the
eddy current density is modeled by solving the Maxwell–
Faraday equation [23] in combination with Ohm’s law. The
Maxwell–Faraday equation and Ohm’s law are given by

∇× �E = − ∂ �B

∂t
(9)

�Je =σ �E (10)

where ∇× is the curl operator, �E is the electric field induced
by the time-varying magnetic flux density experienced by the
moving conductive plate, and σ is the electrical conductivity of
the plate.

Based on the symmetry of the situation and the conductive
plate thickness which is relatively small compared to the skin
depth (see the last paragraph of Section II), the electric field and
the eddy current density in the z-direction are negligibly small
[24]. Neglecting the z-component of the eddy current density
gives the x- and y-components of the eddy current density to be
calculated by

Jx = − σ

∫
vy

∂By

∂y
∂z (11)

Jy =σ

∫
vy

∂Bx

∂y
∂z (12)

under the assumption that the time variation of magnetic flux
density as seen by the conductive plate is only dependent on
the velocity �v, where �v = vy�ey .

Since the eddy current density is directly computed based
on the magnetic flux density originating from the permanent
magnets, the fact that the eddy currents themselves introduce a

magnetic flux density opposing the flux density of the perma-
nent magnets is not taken into account.

Evaluating (11) and (12) for a magnetic flux density given by
(1)–(8), the x- and y-components of the eddy current density in
the conductive plate are given by

Jx = vy
σμ0

4π
Ms

1∑
k,n,m=0

(−1)k+n+m arctan

(
−h

g

)

+ vy arctan

(
−fh

gU

)
(13)

Jy = − vy
σμ0

4π
Ms

1∑
k,n,m=0

(−1)k+n+m ln(h+ U) (14)

with

U =
√
f2 + g2 + h2 (15)

f =(x− xn) (16)

g =(y − ym + vyt) (17)

h =(z − zk) (18)

where x, y, and z are the coordinates of the observation point
while xn, ym, and zk represent the coordinates of the corners
of the permanent magnet.

The total eddy current density is now given by

�Je = Jx�ex + Jy�ey +������Jz�ez. (19)

The current interacts with the magnetic field which results
in a damping force �Fd that is counteracting the movement of
the conductive material. The damping force is calculated by the
Lorentz force equation

�Fd =

∫ ∫ ∫
V

�Je × �BdV. (20)

In this paper, this integration is performed numerically. From
the damping force, the damping coefficient, based on the veloc-
ity in the y-direction, is obtained by

d =
�Fd · �ey
vy

. (21)

B. VPM

The model based on VPM is derived in this section. The
diffusion equation in terms of the magnetic vector potential is
solved. This model includes the reaction field as opposed to the
model from Section III-A. The magnetic vector potential �A is
related to the magnetic flux density as

�B = ∇× �A. (22)

For the vector potential modeling of the simplified topology
of Fig. 1(c) and (d), a current sheet model instead of the
charge model is used to describe the permanent magnets. The
permanent magnet is described by equivalent surface current
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Fig. 3. Current sheet model for the permanent magnet as given in Fig. 1(c).

sheets on the sides of the permanent magnet that are parallel
with the homogeneous magnetization direction [23].

The surface current density js used in the current sheet model
is given by

js = Ms =
Br

μ0
(23)

where Ms is the magnetization of the permanent magnet and
Br is the remanent flux density of the permanent magnet.

The current sheets are discretized into a finite number of
rectangular turns in the (x, y)-plane, where each rectangular
turn (of size 2a× 2c = ym × xm) carries a current I0 which
is calculated according to

I0 =
jszm
N

(24)

where N is the total number of turns in which the current sheet
is discretized. The solution of the total magnet is now obtained
by superimposing the solution of all N rectangular turns.

The topology is simplified to Fig. 3, where four regions
are considered, i = I, . . . , IV. The current-carrying rectangu-
lar turn representing the permanent magnet is located on the
boundary interface between regions I and II, and this means
that the sizes of regions I and II change for each rectangular
turn.

In each region, the magnetic vector potential must satisfy
the diffusion equations derived from the Lorentz gauge [23]
given by

∇2 �Ai = μiεi
∂2 �Ai

∂t2
+ μiσi ∂

�Ai

∂t
(25)

where �Ai is the magnetic vector potential in region i, μ is
the magnetic permeability, and ε and σ define the electric
permittivity and the electric conductivity, respectively. Equation
(25) is simplified to

∇2 �Ai =0, for i = I, II, IV (26)

∇2 �AIII =μIIIσIII ∂
�AIII

∂t
(27)

assuming that the velocity of the conductive plate is much
smaller than the speed of light. Since the magnetic vector
potential only has current sources in the x- and y-directions,
the current density inside the conducting plate will also be
purely in the x- and y-directions. Therefore, the magnetic
vector potential in the z-direction is neglected together with the
Jz (equivalently with (19) and [24]). The diffusion equations

of the magnetic vector potential [(26) and (27)] are rewritten to
scalar differential equations given by

∂2Ai
l

∂x2
+

∂2Ai
l

∂y2
+

∂2Ai
l

∂z2
=0, for i = I, II, IV (28)

∂2AIII
l

∂x2
+

∂2AIII
l

∂y2
+

∂2AIII
l

∂z2
=μσ

∂AIII
l

∂t
(29)

where l represents the x- or y-component. To solve these
scalar differential equations, a 3-D space–time-domain Fourier
transform to x, y, and t is applied [25], [26] which is given by

Ãi
l(k1, k2, z, ω) = Ft

{
Fy

{
Fx

{
Ai

l(x, y, z, t)
}}}

=

∞∫
−∞

∞∫
−∞

∞∫
−∞

Ai
l(x, y, z, t)e

−j(k1x+k2y+ωt)dx dy dt (30)

where Ã is the magnetic vector potential in the 3-D Fourier
domain and k1 and k2 are the space harmonics in the x- and
y-directions, respectively. By the substitution of (30) into (28)
and (29), these differential equations simplify to

∂2Ãi
l

∂z2
=λ2Ãi

l, for i = I, II, IV (31)

∂2ÃIII
l

∂z2
= γ2ÃIII

l (32)

where

λ2 =
(
k21 + k22

)
(33)

γ2 =
(
k21 + k22 − jωμIIIσIII

)
. (34)

For this second-order differential equation, the solution is
given by

Ãi
l =C i

le
λz +Di

le
−λz, for i = I, II, IV (35)

ÃIII
l =CIII

l eγz +DIII
l e−γz. (36)

To find the solution for the constants, Cl and Dl, in (35) and
(36), a set of boundary conditions is applied. Since there are
two constants for the x-component and two constants for the
y-component in each region, there are a total of 16 unknown
constants. This means that 16 independent linear equations
must be found by the boundary conditions. The first set of
boundary conditions is derived from the fact that both the
magnetic field and the magnetic vector potential vanish for
z → ±∞. This boundary condition results in a value for four
constants, namely,

CI
l = 0, DIV

l = 0. (37)

The second set of boundary conditions results from the continu-
ity of the magnetic field on the interfaces separating the regions
given by

ÃI
l

∣∣∣
z=b

− ÃII
l

∣∣∣
z=b

= Ĩl (38)

ÃII
l

∣∣∣
z=0

− ÃIII
l

∣∣∣
z=0

=0 (39)

ÃIII
l

∣∣∣
z=−d

− ÃIV
l

∣∣∣
z=−d

=0 (40)
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where, on the boundary between regions I and II, the source
term Ĩl is visible. This results in six independent linear equa-
tions. The third and final set of boundary conditions is derived
from the possibility to choose the divergence of the magnetic
vector potential [23]. Therefore, the additional condition that
∇ · �A = 0, which is consistent with the Lorentz gauge condi-
tion [23], is used, which results in the final six linear equations.
With the set of 12 independent linear equations that are derived,
all constants are obtained. Solve the set of linear equations, in
matrix form, given by

Y = EX (41)

with (42)–(44) shown at the bottom of the page, where Ĩ is
the 3-D Fourier transform of the current description in the
space–time domain, Ĩl is given in Appendix A (based on
[27]), and l represents x and y, respectively. The solutions of
(41)–(44) are derived with

X l = E−1
l Y l. (45)

By substituting the results from (45) in (35) and (36), a
general 3-D Fourier description of the magnetic vector potential
in all four regions is derived. To obtain a description of the
magnetic vector potential in the normal space and time domain,
instead of a 2-D space harmonic and time harmonic description
(in k1, k2, z, ω), the 3-D inverse Fourier transform is applied

Ai
l(x, y, z, t)=F−1

k1

{
F−1

k2

{
F−1

ω

{
Ãi

l(k1, k2, z, ω)
}}}

(46)

where Ãi
l is given by (35) or (36).

The eddy current distribution �Je is derived from the magnetic
vector potential according to

Jl = −σIII ∂A
III
l

∂t
. (47)

Since no analytical representation of the magnetic vector po-
tential in the space–time domain is obtained, the eddy current
density is solved in the 3-D Fourier domain. Therefore, (47) is
transformed to the 3-D Fourier domain, which results in

J̃l = −jωσIIIÃIII
l . (48)

Its 3-D inverse Fourier transform is given by

Jl(x, y, z, t)=F−1
k1

{
F−1

k2

{
F−1

ω

{
J̃l(k1, k2, z, ω)

}}}
. (49)

It gives a space–time description of the eddy current density.
Only the inverse transformation to ω from this 3-D inverse
Fourier transform is analytically obtained. The remaining two
inverse Fourier transformations are calculated numerically.

From (22), the magnetic flux density is derived in the 3-D
Fourier domain as

B̃i
x = −

∂Ãi
y

∂z
(50)

B̃i
y =

∂Ãi
x

∂z
(51)

B̃i
z = jk1Ã

i
y − jk2Ã

i
x. (52)

Equivalent to (49), the magnetic flux density components are
transformed from the 3-D Fourier domain to the space–time
domain. Again, only the inverse transformation to ω is ob-
tained analytically, and the remaining two transformations are
calculated numerically. With the eddy current density and the
magnetic flux density in the space–time domain known, the
damping force �Fd is calculated according to the Lorentz law
[see (20)].

C. 2-D Mirroring

From both SPM and VPM, the eddy current density for
a conducting plate with infinite dimensions is obtained. The
assumption used in the previous sections, an infinite conducting
plate, is compensated by applying a 2-D mirroring algorithm
[17], [18].

The principle of mirroring of currents is based on applying a
set of boundary conditions given by

Jn =σEn = 0 (53)

Jt =σEt �= 0 (54)

on the edge of the conducting material, where n and t represent
the normal and the tangential direction, respectively. Aside
from the primary current (i.e., the current in an infinite plate), an
imaginary nonexisting current is introduced which is an exact
mirror of the primary current to satisfy the boundary conditions
given in (53) and (54).

For the situation of a rectangular conducting plate, many
synergies to the electrostatic field distributions in a rectangu-
lar waveguide as described in [17] and [18] are found. The

X l = [DI
l , CII

l , DII
l , CIII

l , DIII
l , CIV

l ]T (42)

Y l =
[
0, 0, 0, Ĩl, 0, 0

]T
(43)

El =

⎡
⎢⎢⎢⎢⎢⎢⎣

e−λb −eλb −e−λb 0 0 0
0 1 1 −1 −1 0
0 0 0 e−γd eγd −e−λd

λ
μ0
e−λb λ

μ0
eλb − λ

μ0
e−λb 0 0 0

0 λ
μ0

− λ
μ0

− γ
μIII

γ
μIII 0

0 0 0 γ
μIII e

−γd − γ
μIII e

γd − λ
μ0
e−λd

⎤
⎥⎥⎥⎥⎥⎥⎦

(44)
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Fig. 4. Top view of the rectangular conducting plate, with the specification of
(a) the edges and (b) the plate dimensions.

boundary conditions of (53) and (54) should hold for this rect-
angular conducting plate. However, the boundary conditions
cannot be expressed by one variable, which is the situation for a
cylindrical disk where mirroring is commonly applied [5], [15].
Therefore, the geometry of the conductive plate [see Fig. 4(a)]
is studied in more detail.

For all four edges, x = X1, x = X2, y = Y1, and y = Y2

in Fig. 4(a), the boundary conditions should hold. Due to
the assumption that the current density in the z-direction is
negligible in both modeling methods, this component will not
be taken into account for the mirroring process. The normal
current components at each of these edges must be zero which
results in a set of boundary conditions given by

Jx|x=X1
= σ Ex|x=X1

=0 (55)

Jx|x=X2
= σ Ex|x=X2

=0 (56)

Jy|y=Y1
= σ Ey|y=Y1

=0 (57)

Jy|y=Y2
= σ Ey|y=Y2

=0. (58)

For the first boundary equation (55), the x- and y-
components of the electric field are mirrored at the edge high-
lighted in Fig. 4(a), according to

E(1,0)
x (x, y) = − E(p)

x (2X1 − x, y) (59)

E(1,0)
y (x, y) =E(p)

y (2X1 − x, y) (60)

where E(1,0)
x represents the imaginary electric field component

with one mirror in the positive x-edge, x = X1, and no mirror
in the y-direction. For the edge at x = X2, the same principle
holds. After applying the mirrors for only the x-components,
the y-components are mirrored in their corresponding edges.
However, aside from the primary electric field components, the
imaginary electric field components are mirrored as well. This
process results in the following equations for the first mirror in
the y = Y1 edge

E(1,1)
x (x, y) = − E(p)

x (2X1 − x, 2Y1 − y) (61)

E(1,1)
y (x, y) = − E(p)

y (2X1 − x, 2Y1 − y) (62)

E(0,1)
x (x, y) =E(p)

x (x, 2Y1 − y) (63)

Fig. 5. Primary and imaginary electric field components after application of
one layer of mirrors.

E(0,1)
y (x, y) = − E(p)

y (x, 2Y1 − y) (64)

E(−1,1)
x (x, y) = − E(p)

x (2X2 − x, 2Y1 − y) (65)

E(−1,1)
y (x, y) = − E(p)

y (2X2 − x, 2Y1 − y). (66)

After applying the mirrors in all four edges, the first layer
of mirrors is obtained. This is visually illustrated in Fig. 5,
in which P is a certain point in the plate and E represents
the locally applicable electric field vector. The electric field
vector E(nx,ny) is the primary electric field, E(p) = E(0,0) , after
applying nx mirrors in the x-direction and ny mirrors in the
y-direction, where nx and ny are an integer and where a
positive nx (or ny) is a mirror in the positive x-edge (or y-edge).
For each mirror applied, a small error is induced on the opposite
edge of the conductor. This effect can be reduced by applying a
second layer of mirrors [17], [18].

In terms of current density, a general equation for each
mirrored component is given by

J
(nx,ny)

x (x, y) =σ(−1)nxE(p)
x (Rx, Sy) (67)

J
(nx,ny)

y (x, y) =σ(−1)nyE(p)
y (Rx, Sy) (68)

with

Rx =2

⌊
|nx|
2

⌋
sign(nx)(X1 −X2) + (1− (−1)nx)Xe

+ (−1)nxx (69)

Sy =2

⌊
|ny|
2

⌋
sign(ny)(Y1 − Y2) + (1− (−1)ny )Ye

+ (−1)nyy (70)

where �·� is the floor operator

Xe =

{
X1, if nx > 0
X2, if nx ≤ 0

(71)

and

Ye =

{
Y1, if ny > 0
Y2, if ny ≤ 0.

(72)

The summation of the primary and all imaginary current
sources mimics the total current density in the finite plate.
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Fig. 6. Current densities involved after one layer of images is applied. (Solid)
Primary (eddy) current density J(0,0), (dashed) the imaginary current sources,
and (solid-fat line) the total current density Jtot.

TABLE I
BOUNDARY CONDITIONS APPLIED IN THE FINITE-ELEMENT MODEL

For the observed situation [see Fig. 1(b)], the primary eddy
current density and its images are illustrated in Fig. 6 together
with the total current density J tot, which is the current density
for the finite conducting plate.

IV. FEM

A transient finite-element model in 3-D, using Cedrat’s
FLUX3D software [28], is used to verify the semianalytical
models. The topology of Fig. 1(b) is simulated for a constant-
velocity movement of the conductive plate along the y-axis. A
reduction of computational effort is obtained by implementing
periodicity along the movement axis (y-axis) in such a way that
the influence between the adjacent periods can be neglected.

Furthermore, another reduction of the computational efforts
is obtained by modeling only a quarter of the full topology.
This is done by applying the boundaries listed in Table I. The
parameters given in Table II are used in the finite-element
model. An impression of the resulting finite-element model is
given in Fig. 7(a).

The mesh is shown in more detail in Fig. 7(b). A second-
order tetrahedron meshing is used inside the permanent magnet
and in its surrounding air (8708 + 40 685 elements). For the
conductive plate and the air surrounding the conductive plate, a

TABLE II
SPECIFICATION OF PARAMETERS USED TO MAKE A COMPARISON

BETWEEN THE FINITE-ELEMENT MODEL, THE SCALAR POTENTIAL

MODEL, AND THE VECTOR POTENTIAL MODEL

Fig. 7. (a) Finite-element model with the boundary conditions of Table I and
the illustration of the paths Ψ and Υ. (b) Close-up of the mesh.

cuboidal mesh is used (98 000 + 46 659 elements). These two
meshes are connected by sliding surfaces in the air gap.

For a comparison between the finite-element model and the
analytical models, two paths are created. The magnetic flux
density is compared on the path Ψ which starts at (5,−75, 1)
mm and stops at (5, 75, 1) mm and is illustrated in Fig. 7(a). The
eddy current density is extracted on a different path Υ (which is
illustrated in the same figure). The path Υ starts at (49.9,−75,
3) mm and stops at (49.9, 75, 3) mm. A numerical comparison
between the finite-element model and the analytical models is
obtained by evaluating the damping force in the finite-element
model using the virtual work method.
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Fig. 8. Magnetic flux density �B for the finite-element and semianalytical
models on the path Ψ. Given from top to bottom are the x-, y-, and z-
components of the magnetic flux density, respectively. The scalar potential
model is given by (SPM) and the vector potential model is given by (VPM).

V. MODELING RESULTS

First of all, the magnetic flux densities used in the models
are compared. Therefore, the magnetic flux densities for the
finite-element model and the analytical models are calculated
on the path Ψ. This comparison is given in Fig. 8. It is
clear (see Fig. 8) that the magnetic flux densities from the
finite-element model and the SPM are not completely equal.
The magnetic flux density in the x-direction differs. This is a
direct effect of the counteracting magnetic field created by the
eddy currents. This counteracting magnetic field also introduces
the slight phase shift visible in the y- and z-directions. The
magnetic flux density calculated using the VPM does include
this counteracting magnetic field. This is clearly visible in Fig. 8
since the phase shift and the difference in Bx are eliminated.
The magnetic flux density in the z-direction induces the eddy
currents and is therefore the most important component. The
z-component of magnetic flux density is correctly modeled by
both the charge modeling method and the current sheet model,
so both models are used to model the eddy currents for an
infinite conducting plate.

For the validation of the eddy currents, the normal eddy
current density component is compared on path Υ [illustrated
in Fig. 4(a) and Fig. 7(a)] on the edge of the conducting plate.
The results from the transient FEM and the SPM, for an infinite
plate, are given in Fig. 9, and a clearly different tendency is
found between the analytical model and FEM. This occurs due
to the assumption in the SPM model that the conducting plate
is infinite in dimensions. After the application of one single
layer of mirrors in two dimensions, the results of the SPM
model (SPM-M) are in good agreement with the FEM results.

Fig. 9. Normal component of the eddy current density on the path Υ (illus-
trated in Fig. 7(a) and Fig. 4) for FEM, the scalar potential model (SPM), the
scalar potential model with one layer of mirrors (SPM-M), and the vector poten-
tial model with one layer of mirrors (VPM-M). The dimensions are: xp = 50,
yp = 140, xm = 52, ym = 26, zp = zm = 10 mm, and σ = 37.7 MS/m
and are illustrated in Fig. 4(b).

Fig. 10. Eddy current density in the xy-plane at z = 4 mm (1 mm below the
surface of the plate) for the scalar potential model with one layer of mirrors
(SPM-M). The properties used are as follows: xp = yp = 100, xm = ym =
50, zp = zm = 10 mm, vy = 0.5 m/s, Br = 1.5 T, and σ = 37.7 MS/m.

A slightly better agreement is found for the VPM with one layer
of mirrors applied (VPM-M).

A visualization of the eddy current density in the xy-plane 1
mm under the surface of the conducting plate calculated using
the scalar potential model, including one layer of mirrors, is
given in Fig. 10 for the conductive plate moving in the y-
direction with vy = 0.5 m/s. The solid and dashed squares
represent the plate and magnet, respectively.

Even though the VPM-M model gives a slightly better agree-
ment with FEM than the SPM-M, the SPM-M is chosen for the
further force calculations because of the calculation time. With
the current implementation, the calculation time is reduced
from ≥ 5 h (for 3-D FEM) to ≈ .5 h for the VPM-M model,
while SPM-M is finished in ≈ 12 s. Without taking the mirrors
into account, the calculation times are reduced to ≈ 2 min and
≈ 1.5 s for VPM and SPM, respectively.

The damping coefficient has been calculated as a function
of the dimensions of the conductive plate [see Fig. 4(b)] with
respect to the permanent-magnet dimensions. The results of a
variation in the dimensions of the conducting plate are given in
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Fig. 11. Damping coefficient for a variation of the plate dimensions with
respect to the magnet dimensions. The dimensions are illustrated in Fig. 4(b),
and xm = 50 mm.

Fig. 11, where SPM is the analytical model assuming an infinite
plate, SPM-M is the analytical model for a finite plate (one layer
of images is applied), and FEM represents the results obtained
by the FEM.

When assuming an infinite conductor, an error smaller than
15% is made compared to FEM if the conducting plate has at
least twice the dimensions of the permanent magnets. For con-
ducting plates with relatively small dimensions, the accuracy
of the damping coefficient is increased by applying multiple
layers of images. The error that remains at twice the permanent-
magnet dimensions is less than 3%.

For the modeling with the SPM, it is assumed that the
counteracting magnetic field which is caused by the eddy
currents inside the conducting plate is negligible. Using FEM,
it is confirmed that this assumption results in an error of less
than 10% for a velocity up to 2 m/s for the given situation
(see Appendix B). For the velocity used in this paper, 0.5 m/s,
and the geometry as given in Fig. 1(b), the approximated skin
depth is 20 mm. This implies that the skin effect in the used
conducting plate, having a thickness of 10 mm, is negligible
(see the last paragraph of Section II). This is consistent with
the assumptions made for both semianalytical models and is
consistent with the findings from the finite-element model.

VI. MEASUREMENTS

A test setup is created to measure the eddy current damping
force due to a linear movement of a conducting sheet between
the permanent magnets (see Fig. 12). A load cell, an ATI
mini40R-2 [29], is mounted on the moving part of a linear air
bearing. The linear mover is actuated by an iron-cored linear
permanent-magnet motor with concentrated windings and is
controlled to a constant velocity based on the displacement
measurements of a linear encoder with a resolution of 1 μm.
On the stator part of the assembly, the magnets are mounted
with the possibility to change the air-gap length between the
conducting plate and the permanent magnets. On top of the
force cell, the conducting plate is mounted, and therefore,
the damping force acting on the conducting plate is directly

Fig. 12. Test setup used for measuring the eddy current damping due to a
linear constant-velocity movement of a conducting plate through the permanent
magnets. (a) Global test setup overview. (b) Close-up of the eddy current
damper parts.

measured by the sensor. The full test setup is shown in Fig. 12,
and a close-up of the eddy current damper itself is given in
Fig. 12(b).

For each configuration, i.e., a conducting plate with one air
gap, five measurements are taken, from which the mean value is
used after eliminating the highest and lowest values. To ensure
that the semianalytical model is describing a situation which
is as close to the real measurement situation as possible, the
parameters used in the semianalytical model are extracted from
the test setup. All dimensions of the permanent magnets and the
conducting plate are measured as well as the length of the air
gap, the remanent flux density of the permanent magnet, Br,
and the conductivity of the plate, σ.

In the semianalytical models, the permanent magnet is mod-
eled using an equivalent charge or current sheet model placed
in the air. Therefore, it is not possible to directly take the
permeability of the permanent magnet into account in the
modeling. However, according to Rovers et al. [30], the relative
permeability of a permanent magnet can be compensated by
reducing the remanent flux density of the magnet as given by

Bmodel =
2Breal

μr,mag + 1
(73)

where Breal is the remanent flux density of the permanent
magnet while Bmodel is the remanent flux density used in the
model.

The conductivity of the aluminum plate used, AL-6082, is
specified for a very broad range. This range can cause up
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TABLE III
MODELING PARAMETERS USED FOR COMPARISON WITH

MEASUREMENTS

Fig. 13. Damping coefficient d for a variation of plate width, xp, for the
SPM-based analytical model (SPM), the SPM-based analytical model with one
layer of mirrors (SPM-M), and the measurements (including a 1% confidence
interval based on the manufacturer specifications).

to ±15% difference when using the mean of the specified
range. To reduce this difference, the conductivity of the actual
aluminum plates is measured and specified to the range of
25 ≤ σ ≤ 26 MS/m.

For each parameter of the model, a mean value is determined
together with an uncertainty bound. The uncertainty bound is
chosen based on the inaccuracy during the determination of
the parameters and the variations in the production processes
as specified by the manufacturer.

The chosen parameters, together with their uncertainty
bounds, are listed in Table III.

In Fig. 13, the damping coefficient is extracted from the
measurements with a constant velocity of vy = 0.2 m/s for a
variation in the plate width. In the same figure, the results of
the semianalytical model with the mean value of the parameters
as specified in Table III are given. Around the mean modeling
results, an uncertainty boundary is given which is limited by
the uncertainty on the parameters as specified in the table.
The measurements are given in the figure as well, including a
confidence interval of 1% based on the manufacturer specifica-
tions. The measurements are well within the boundary limits of
the analytical model with one layer of mirrors (SPM-M). The
measurement discrepancy with respect to the mean value of the

TABLE IV
MEASURED DAMPING COEFFICIENT FOR DIFFERENT VELOCITIES AND A

VARIATION IN PLATE WIDTH

SPM-M model is below 5%. Therefore, it is assumed that the
presented model is in agreement with the measurements.

Another aspect which can be gained from analyzing the re-
sults in Fig. 13 is the large difference between the measurement
and the analytical model without the mirrors (SPM). Partic-
ularly for the lower values of the plate width, the analytical
model without mirrors is incapable of predicting a realistic
damping coefficient.

Furthermore, in the modeling process, it is assumed that
the damping coefficient is independent of the velocity (see
Appendix B). This assumption is verified with measurements
as well. The maximum velocity used in the measurements is
limited by the setup. The measurement results are given in
Table IV. For a fixed plate width, the measurements on the
three velocities are in a very good agreement with each other,
which indicates the independence of the damping coefficient for
velocity variations in the considered velocity range. Therefore,
the results in this table prove the validity of the assumption.

VII. CONCLUSION

The magnetic flux density inside a conducting plate that is
moving between cuboidal magnets is derived with two different
modeling methods, SPM and VPM. Both modeling methods
obtain a good agreement for the z-component of the magnetic
flux density. For the Bx, the vector potential model is clearly
more accurate since it includes the counteracting magnetic field
created by the induced eddy currents. Aside from the magnetic
flux density, the eddy current density on an infinite conducting
plate is calculated with both modeling methods. For both ana-
lytical models, the eddy current density is in a good agreement.
Afterward, the method of images in two dimensions is applied
to the eddy current density of an infinite conducting plate to
obtain the eddy current density on a finite conducting plate.
Applying the method of images in two dimensions significantly
reduces the difference in the damping coefficient obtained
from the analytical model and the finite-element analysis (from
56.4% to 4.0%). Therefore, it is concluded that the method of
images in two dimensions reduces the modeling error in eddy
current dampers with permanent magnets and a conductive
plate with finite dimensions. Furthermore, it is shown that,
for a conducting plate with at least twice the dimensions of
the permanent magnets, only a small error, < 15%, is made
if an infinite plate is assumed. For a conducting plate smaller
than twice the permanent-magnet dimensions, a model with the
application of the method of images must be used, and this
will reduce the error to less than 3%. Based on the performed
measurements, it is concluded that the shown analytical model
with the method of images applied is capable of accurately
predicting the damping coefficient d. The mean value of the
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Fig. 14. Damping coefficient for a variation of the velocity of the conducting
plate by the SPM-based analytical model with one layer of mirrors (SPM-M),
the vector potential model with mirrors (VPM-M), and by the finite-element
model. The parameters used are:xp = 100 mm, yp = 100 mm,xm = 50 mm,
ym = 20 mm, zp = zm = 10 mm, and σ = 37.7 MS/m and are illustrated in
Fig. 4(b).

analytical model has less than 5% discrepancy with respect to
the measurements.

APPENDIX A
3-D FOURIER TRANSFORM OF THE CURRENT

The 3-D Fourier transform of the current is given by

Ĩx =Ft {Fx {Fy{Ix}}}

=
8jπI0
k1

sin(k1c) sin(k2a)δ(ω + k2vy) (74)

Ĩy =Ft {Fy {Fx{Iy}}}

=
−8jπI0

k2
sin(k1c) sin(k2a)δ(ω + k2vy) (75)

where a = ym/2 and c = xm/2 represent the magnet dimen-
sions (see Fig. 3), I0 is the current per turn as calculated by
(24), and k1 and k2 are the space harmonic frequencies in the
x- and y-directions, respectively. Furthermore, the ω is the time
frequency, j is the imaginary unit, and δ represents the Dirac
delta function.

APPENDIX B
VELOCITY VARIATION

In the modeling, the velocity of the conducting sheet is as-
sumed to be low enough to neglect the counteracting magnetic
field. To validate this assumption, in Fig. 14, the velocity is
varied for constant geometric parameters (magnet and plate
dimensions) and conductivity (xp = 100 mm, yp = 100 mm,
xm = 50 mm, ym = 20 mm, zp = zm = 10 mm, and σ =
37.7 MS/m), and the parameters are illustrated in Fig. 4(b). The
results of the SPM model with mirrors (SPM-M), the vector
potential model with mirrors (VPM-M), and the finite-element
model are given.

The SPM-M model, used in the comparison between the
analytical model and the measurements, is within ±10% error
with respect to the finite-element model for a velocity ≤ 2 m/s.

Furthermore, the figure shows that the VPM-M model has a
very good description of the tendency found in the FEM model;
however, a constant offset of ≈ 5N · s/m is visible. Regardless
of the offset, the VPM-M model will be better suited at high
velocities than the SPM-M model.
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