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Chapter 13  

Flat Plates

13.1 Introduction

ÅFlat plate

ïA structural member whose middle surface lies in a plane

ïThickness is normal to the mid-surface plane

ïThickness relatively small to length and width

ïMay be constant or variable thickness 

Fig. 13.1  Flat plate coordinates
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ÅSmall deflection theory

ïThe lateral displacement w of the plate in the z direction is less than 

half of the plate thickness, i.e. w < h/2

ïIf w > h/2,then 2nd order effects become significant

ÅIn-plane membrane forces can be developed

Fig. 13.1  Flat plate coordinates
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ÅSpecial notation for 

ïIn-plane forces (tractions), Nxx, Nyy, Nxy [force per unit length]

ïBending moments, Mxx, Myy [moment per unit length] 

ïTwisting moments, Mxy [moment per unit length] 

ïShears, Qx, Qy, [force per unit length]

13.2 Stress Resultants in a Flat Plate

Fig. 13.2  Infinitesimal element of a flat plate

Fig. 13.3  Resultant tractions on a reference surface

4Fig. 13.4  Resultant moments and shears on a reference surface
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ÅLet U, V and W be the components of the displacement 

vector

ÅThe purpose of plate theory is to reduce the 3D problem to a 

more tractable 2D problem

ÅKirchhoff assumed straight-line normals to the undeformed 

middle surface (reference plane) remain

ïStraight

ïInextensible

ïNormal to the midsurface

Č Plane strain

ÅKirchhoff assumption

ïNot limited to small displacements

ïMaterial independent

ïOK for both elastic and inelastic conditions

13.3 Kinematics: 

Strain-Displacement Equations of Plates

Fig. 13.5
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Fig. 13.5  Displacement components in a plate element

ÅBy Kirchhoff approximation, W-w is a second order effect, so 

let W=w

ÅU, V and W vary through the thickness of the plate

(13.7)
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(13.19)

13.4 Equilibrium Equations for Small-Displacement 

Theory of Flat Plates

(13.23)

(13.25)
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ÅStresses vary linearly through the thickness of the plate

13.5.1 Stress Components in Terms of Tractions and 

Moments

(13.35)

13.6 Strain Energy of a Plate

U = Um + Ub + Ut (13.38)
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13.7 Boundary Conditions for Plates

Fig. 13.6

(13.54)

Boundary conditions 

at a reference surface 

edge

ÅSubstituting for Mxx, Mxy and Myy in terms of Eq. 13.25 with 

Bz=0 and Pz=p gives

(13.56)

where
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ÅConsider 

ïsimply supported rectangular plate 

ïthickness h

ïin-plane dimensions a and b

ÅThe function (Levy, 1899)

Where n is an integer satisfies 

the simple support BC @ y=0

and y=b

Fig. 13.7 Simply supported 

rectangular plate

(13.57a)

(13.57b)

13.8.1 Solution of Ð2Ð2 w=p/D for Rectangular Plates
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ÅSubstitution of Eq. 13.57a into Eq. 13.56 yields an ordinary 

4th order DE for Xn(x,y)

ÅSolution gives four constants of integration that satisfy the 

remaining BCs

ïNo shear at x=0 and x=a

ïNo Moment at x=0 and x=a

ÅThe lateral pressure p must be expressed in an appropriate 

form

(13.59)
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13.8.2 Westergaard Approximate Solution for 

Rectangular Plates: Uniform Load

ÅThe stress is always greater in the direction of the shorter 

span than in the larger span

ÅConsider two strips EF and GH 

ïThe deflections of the two strips at the center of the plate are equal

ïThe shorter strip has a smaller radius of curvature

Č a greater stress in shorter strip

Fig. 13.8  Longitudinal (EF) and transverse (GH) plate strips
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ÅFig. 13.9 is the Westergaard solution for the bending 

moment per unit width across the diagonal at the corner 

(denoted by Mdiag)

Fig. 13.9 Ratio of bending moment M 

per unit width to pb2 in 

rectangular plates with simply 

supported edges.  

Note: Poissonôs ratio is 

assumed to be zero.
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Fig. 13.10Ratio of bending moment M 

per unit width to pb2 in 

rectangular plates with fixed 

edges.  

Note: Poissonôs ratio is 

assumed to be zero.
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ÅOther Types of Edge Conditions

ïThe effect Poissonôs ratio is to increase the bending 

moment per unit width in the plate

ïLet Macnand Mbcnrepresent the values of the bending 

momnets at the center of a rectangular plate when the 

material has a Poissonôs ratio n> 0

(13.69)
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13.8.3 Deflection of a Rectangular Plate: Uniformly 

Distributed Load

ÅThe ODE for plates has been solved only for relatively 

simple shapes and loads

ÅFor rectangular plate (where b is the short span length)

(13.70)
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