
      

 

 

 

 

Yield Line Mechanism (Deformation from Virtual Rotation) Yield Line Mechanism 

Section Cut (Between Lower and Upper Bolts) 
(Note minor angle change (red arrows)) 

Section Cut (Below Lower Bolts) 



 

 

 

  

Section Cut (Between Lower and Upper Bolts) 
(Note minor angle change (red arrows)) 

Section Cut (Above Upper Bolts) 

Section Cut (Side) 



 

 

 
Yield Line Analysis 
 
Internal Work = External Work 
 
External Work 
 
Internal Work 
 
 
Determine Angles of Yield Line 
Mechanism 
 
 
 
 
 
 
 
 

 
 
 

∑𝑊 = ∑𝑊 
 

∑𝑊 = 𝑀𝜃 
 

∑𝑊 = ∑(𝑚𝑙𝜃) 
 
 

𝜃 =
𝛿

ℎ
=

𝛿ଵ

ℎଵ
 

 
∴ 𝛿 = 𝜃ℎ 𝛿ଵ = 𝜃ℎଵ 

 
 

𝛿

𝑠
=

ℎ

𝑠
𝜃 

𝛿ଵ

𝑠
=

ℎଵ

𝑠
𝜃 

𝛿

𝑔
2

=
2ℎ

𝑔
𝜃 

𝛿ଵ

𝑔
2

=
2ℎଵ

𝑔
𝜃 

 



 
 
Defining unknown angle 
located distance ‘x’ from 
lower bolt row 
 
 
 
 
 
 
 

ℎ − ℎଵ = 𝑐 
 
 
Defining angle located 
between upper and lower bolt 
row (i.e. transition angle 
between segment ⑤&⑥ in 
Area ❸) 
 
 
 
Area ❶ 
 
 
 
 
 
 
 
 
 
 
 
 
 
Factor out 𝑚𝜃 
 
Grouping 

ଶ
 terms 

Grouping 
ଶ

 terms 
 
 
 
 
 
 
Area ❷ 
 
 
 
 

 
 

𝛿௫ − 𝛿ଵ

𝑥
=  

𝛿 − 𝛿ଵ

𝑐
 

 

∴ 𝛿௫ =
𝑥

𝑐
(𝛿 − 𝛿ଵ) + 𝛿ଵ 

 
𝛿௫

𝑔
2

=
2

𝑔
ቀ

𝑥

𝑐
(𝛿 − 𝛿ଵ) + 𝛿ଵቁ =

2

𝑔
ቀ

𝑥

𝑐
(ℎ − ℎଵ) + ℎଵቁ 𝜃 

 
𝛿௫

𝑔
2

=
2

𝑔
ቀ

𝑥

𝑐
(𝑐) + ℎଵቁ 𝜃 =

2

𝑔
(𝑥 + ℎଵ)𝜃 

 
 

𝛿 − 𝛿ଵ

𝑐
=   ൬

ℎ − ℎଵ

𝑐
൰ 𝜃 = ቀ

𝑐

𝑐
ቁ 𝜃 = 𝜃 

 
 
 
 
 

 

Segment ①: 𝑊① = 𝑚 ቀ


ଶ
ቁ ቀ

ఋబ

௦
ቁ = 𝑚 ቀ



ଶ
ቁ ቀ

బ

௦
ቁ 𝜃   

 
Segment ②: 𝑊② = 𝑚 ቀ



ଶ
−



ଶ
ቁ ቀ

ఋబ

௦
+ 𝜃ቁ = 𝑚 ቀ



ଶ
−



ଶ
ቁ ቀ

బ

௦
+ 1ቁ 𝜃 

 

Segment ③: 𝑊③ = 𝑚 ቀ


ଶ
ቁ ቀ

ఋబ

௦
ቁ = 𝑚 ቀ



ଶ
ቁ ቀ

బ

௦
ቁ 𝜃 

 
 

∑𝑊❶ = 𝑊① + 𝑊② + 𝑊③ 
 

∑𝑊❶ = 𝑚 ൬
𝑏

2
൰ ൬

ℎ

𝑠
൰ 𝜃 + 𝑚 ൬

𝑏

2
−

𝑔

2
൰ ൬

ℎ

𝑠
+ 1൰ 𝜃 + 𝑚 ቀ

𝑔

2
ቁ ൬

ℎ

𝑠
൰ 𝜃 

 

∑𝑊❶ = 𝑚𝜃 ൬
𝑏

2
൰ ൬

ℎ

𝑠
൰ + ൬

𝑏

2
−

𝑔

2
൰ ൬

ℎ

𝑠
+ 1൰ + ቀ

𝑔

2
ቁ ൬

ℎ

𝑠
൰൨ 

 

∑𝑊❶ = 𝑚𝜃 ൬
𝑏

2
൰ ൬

ℎ

𝑠
+

ℎ

𝑠
+ 1൰ + ቀ

𝑔

2
ቁ ൬

ℎ

𝑠
−

ℎ

𝑠
− 1൰൨ 

 

∑𝑊❶ = 𝑚𝜃 ൬
𝑏

2
൰ ൬

2ℎ

𝑠
+ 1൰ − ቀ

𝑔

2
ቁ൨ 

 
 
 

 

Segment ③: 𝑊③ = 𝑚(𝑠) ൬
ఋబ


మ

൰ = 𝑚(𝑠) ቀ
ଶబ


ቁ 𝜃 

 

Segment ④: 𝑊④ = 𝑚(𝑠 + 𝑐 − 𝑥) ൬
ఋబ


మ

൰ = 𝑚(𝑠 + 𝑐 − 𝑥) ቀ
ଶబ


ቁ 𝜃 



 
 
 
 

ℎ − ℎଵ = 𝑐 
 
 
 
 
 
 
 
Factor out 𝑚𝜃 
 
 
Grouping ଶ


 terms 

 
 
 
 
 
Area ❸ 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Factor out 𝑚𝜃 
 
Rearranging terms 
 
 
 
 
 
Area ❹ 
 
 
 
 
 
 
 

 

Segment ⑤: 𝑊⑤ = 𝑚(𝑐 − 𝑥) ൬
ఋబ


మ

−
ఋೣ


మ

൰ = 𝑚(𝑐 − 𝑥) ቀ
ଶ


ቁ ൫ℎ − (𝑥 + ℎଵ)൯𝜃 

𝑊⑤ = 𝑚(𝑐 − 𝑥) ൬
2

𝑔
൰ (𝑐 − 𝑥)𝜃 = 𝑚(𝑐 − 𝑥)ଶ ൬

2

𝑔
൰ 𝜃 

 
∑𝑊❷ = 𝑊③ + 𝑊④ + 𝑊⑤ 

 

∑𝑊❷ = 𝑚(𝑠) ൬
2ℎ

𝑔
൰ 𝜃 + 𝑚(𝑠 + 𝑐 − 𝑥) ൬

2ℎ

𝑔
൰ 𝜃 + 𝑚(𝑐 − 𝑥)ଶ ൬

2

𝑔
൰ 𝜃 

 
∑𝑊❷ = 𝑚𝜃 (𝑠) ൬

2ℎ

𝑔
൰ + (𝑠 + 𝑐 − 𝑥) ൬

2ℎ

𝑔
൰ + (𝑐 − 𝑥)ଶ ൬

2

𝑔
൰൨ 

 
∑𝑊❷ = 𝑚𝜃 ൬

2

𝑔
൰ ൫(𝑠)(ℎ) + (𝑠 + 𝑐 − 𝑥)(ℎ) + (𝑐 − 𝑥)ଶ൯൨ 

 
 
 
 

Segment ⑤: 𝑊⑤ = 𝑚 ቀ


ଶ
ቁ ቀ

ఋబିఋభ


ቁ = 𝑚 ቀ



ଶ
ቁ 𝜃 

 

Segment ⑥: 𝑊⑥ = 𝑚 ቀ


ଶ
ቁ ቀ

ఋబିఋభ


ቁ = 𝑚 ቀ



ଶ
ቁ 𝜃 

 

Segment ⑦: 𝑊⑦ = 𝑚(𝑐) ൬
ఋೣ


మ

൰ = 𝑚(𝑐) ቀ
ଶ


ቁ (𝑥 + ℎଵ)𝜃 

 
 

∑𝑊❸ = 𝑊⑤ + 𝑊⑥ + 𝑊⑦ 
 

∑𝑊❸ = 𝑚 ቀ
𝑔

2
ቁ 𝜃 + 𝑚 ቀ

𝑔

2
ቁ 𝜃 + 𝑚(𝑐) ൬

2

𝑔
൰ (𝑥 + ℎଵ)𝜃 

 

∑𝑊❸ = 𝑚𝜃 
𝑔

2
+

𝑔

2
+ (𝑐) ൬

2

𝑔
൰ (𝑥 + ℎଵ)൨ 

 

∑𝑊❸ = 𝑚𝜃 𝑔 + ൬
2

𝑔
൰ (𝑐)(𝑥 + ℎଵ)൨ 

 
 
 

 

Segment ⑥: 𝑊⑥ = 𝑚(𝑥) ൬
ఋೣ


మ

−
ఋభ


మ

൰ = 𝑚(𝑥) ቀ
ଶ


ቁ (𝑥 + ℎଵ − ℎଵ)𝜃 = 𝑚(𝑥ଶ) ቀ

ଶ


ቁ 𝜃 

 

Segment ⑧: 𝑊⑧ = 𝑚(𝑠 + 𝑥) ൬ 
ఋభ


మ

൰ = 𝑚(𝑠 + 𝑥) ቀ
ଶభ


ቁ 𝜃 

 

Segment ⑨: 𝑊⑨ = 𝑚(𝑠) ൬ 
ఋభ


మ

൰ = 𝑚(𝑠) ቀ
ଶభ


ቁ 𝜃 

 



 
 
 
 
 
 
 
Factor out 𝑚𝜃 
 
Grouping ଶ


 terms 

 
 
 
 
 
Area ❺ 
 
 
 
 
 
 
 
 
 
Factor out 𝑚𝜃 
 
 
 
 
Grouping 

ଶ
 terms 

Grouping 
ଶ

 terms 
 
 
 
 
 
 
 
Sum of Internal Work 
 
 
 
 
 
 
 
 
 
 
 

 
∑𝑊❹ = 𝑊⑥ + 𝑊⑧ + 𝑊⑨ 

 

∑𝑊❹ = 𝑚(𝑥ଶ) ൬
2

𝑔
൰ 𝜃 + 𝑚(𝑠 + 𝑥) ൬

2ℎଵ

𝑔
൰ 𝜃 + 𝑚(𝑠) ൬

2ℎଵ

𝑔
൰ 𝜃 

 

∑𝑊❹ = 𝑚𝜃 (𝑥ଶ) ൬
2

𝑔
൰ + (𝑠 + 𝑥) ൬

2ℎଵ

𝑔
൰ + (𝑠) ൬

2ℎଵ

𝑔
൰൨ 

 

∑𝑊❹ = 𝑚𝜃 ൬
2

𝑔
൰ ൫𝑥ଶ + (𝑠 + 𝑥)(ℎଵ) + (𝑠)(ℎଵ)൯൨ 

 
 
 
Segment ⑨: 𝑊⑨ = 𝑚 ቀ



ଶ
ቁ ቀ

ఋభ

௦
ቁ = 𝑚 ቀ



ଶ
ቁ ቀ

భ

௦
ቁ 𝜃 

 

Segment ⑩: 𝑊⑩ = 𝑚 ቀ


ଶ
−



ଶ
ቁ ቀ

ఋభ

௦
− 𝜃ቁ = 𝑚 ቀ



ଶ
−



ଶ
ቁ ቀ

భ

௦
− 1ቁ 𝜃 

 
Segment ⑪: 𝑊⑪ = 𝑚 ቀ



ଶ
ቁ ቀ

ఋభ

௦
ቁ = 𝑚 ቀ



ଶ
ቁ ቀ

భ

௦
ቁ 𝜃 

 
 

∑𝑊❺ = 𝑊⑨ + 𝑊⑩ + 𝑊⑪ 
 

∑𝑊❺ = 𝑚 ቀ
𝑔

2
ቁ ൬

ℎଵ

𝑠
൰ 𝜃 + 𝑚 ൬

𝑏

2
−

𝑔

2
൰ ൬

ℎଵ

𝑠
− 1൰ 𝜃 + 𝑚 ൬

𝑏

2
൰ ൬

ℎଵ

𝑠
൰ 𝜃 

 

∑𝑊❺ = 𝑚𝜃 ቀ
𝑔

2
ቁ ൬

ℎଵ

𝑠
൰ + ൬

𝑏

2
−

𝑔

2
൰ ൬

ℎଵ

𝑠
− 1൰ + ൬

𝑏

2
൰ ൬

ℎଵ

𝑠
൰൨ 

 

∑𝑊❺ = 𝑚𝜃 ൬
𝑏

2
൰ ൬

ℎଵ

𝑠
− 1 +

ℎଵ

𝑠
൰ + ቀ

𝑔

2
ቁ ൬

ℎଵ

𝑠
−

ℎଵ

𝑠
+ 1൰൨ 

 

∑𝑊❺ = 𝑚𝜃 ൬
𝑏

2
൰ ൬

2ℎଵ

𝑠
− 1൰ + ቀ

𝑔

2
ቁ൨ 

 
 
 

 
 

∑𝑊 = 2൫𝑊❶ + 𝑊❷ + 𝑊❸ + 𝑊❹ + 𝑊❺൯ 
 

∑𝑊 = 2𝑚𝜃 ൬
𝑏

2
൰ ൬

2ℎ

𝑠
+ 1൰ − ቀ

𝑔

2
ቁ + ൬

2

𝑔
൰ ൫(𝑠)(ℎ) + (𝑠 + 𝑐 − 𝑥)(ℎ) + (𝑐 − 𝑥)ଶ൯ + 𝑔

+ ൬
2

𝑔
൰ (𝑐)(𝑥 + ℎଵ) + ൬

2

𝑔
൰ ൫𝑥ଶ + (𝑠 + 𝑥)(ℎଵ) + (𝑠)(ℎଵ)൯ + ൬

𝑏

2
൰ ൬

2ℎଵ

𝑠
− 1൰ + ቀ

𝑔

2
ቁ൨ 

 

∑𝑊 = 2𝑚𝜃 ൬
𝑏

2
൰ ൬

2ℎ

𝑠
+ 1 +

2ℎଵ

𝑠
− 1൰

+ ൬
2

𝑔
൰ ൫(𝑠)(ℎ) + (𝑠 + 𝑐 − 𝑥)(ℎ) + (𝑐 − 𝑥)ଶ + (𝑐)(𝑥 + ℎଵ) + 𝑥ଶ + (𝑠 + 𝑥)(ℎଵ)

+ (𝑠)(ℎଵ)൯ + 𝑔൨ 
 



 
 
 
 
 
 
 
 
 
 
 
 
Equate External Work to 
Internal Work 
 
 
 
 
 
 
 
 
Solve for dimension ‘x’. 
Take derivative of M and set 
equal to zero to find minimum 
value (smallest capacity) 
 
 

ℎ − ℎଵ = 𝑐 
 
 
 
 
 
 
 
Aside: To ensure ‘x’ is a 
minimum value rather than a 
maximum, take the second 
derivative of M 
 
 
 
 
 
 
 
Replace minimum ‘x’ value in 
M equation 
 
 
 

 
∑𝑊 = 2𝑚𝜃 ൬

𝑏

2
൰ ൬

2ℎ

𝑠
+

2ℎଵ

𝑠
൰ + ൬

2

𝑔
൰ ൫(ℎ)(𝑠 + 𝑠 + 𝑐 − 𝑥) + (ℎଵ)(𝑐 + 𝑠 + 𝑥 + 𝑠) + (𝑐 − 𝑥)ଶ + (𝑐)(𝑥) + 𝑥ଶ൯ + 𝑔൨ 

 
∑𝑊 = 2𝑚𝜃 ൬

𝑏

2
൰ ൬

2ℎ

𝑠
+

2ℎଵ

𝑠
൰ + ൬

2

𝑔
൰ ൫(ℎ)(2𝑠 + 𝑐 − 𝑥) + (ℎଵ)(2𝑠 + 𝑐 + 𝑥) + (𝑐 − 𝑥)ଶ + (𝑐)(𝑥) + 𝑥ଶ൯ + 𝑔൨ 

 

∑𝑊 = 2𝑚𝜃 ൬
𝑏

2
൰ ൬

2ℎ

𝑠
+

2ℎଵ

𝑠
൰ + ൬

2

𝑔
൰ ൫(ℎ)(2𝑠 + 𝑐 − 𝑥) + (ℎଵ)(2𝑠 + 𝑐 + 𝑥) + (𝑐ଶ − 2𝑐𝑥 + 𝑥ଶ) + 𝑐𝑥 + 𝑥ଶ൯ + 𝑔൨ 

 

∑𝑊 = 2𝑚𝜃 ൬
𝑏

2
൰ ൬

2ℎ

𝑠
+

2ℎଵ

𝑠
൰ + ൬

2

𝑔
൰ ൫(ℎ)(2𝑠 + 𝑐 − 𝑥) + (ℎଵ)(2𝑠 + 𝑐 + 𝑥) + 𝑐ଶ − 𝑐𝑥 + 2𝑥ଶ൯ + 𝑔൨ 

 
 

 
∑𝑊 = ∑𝑊  

 

𝑀𝜃 = 2𝑚𝜃 ൬
𝑏

2
൰ ൬

2ℎ

𝑠
+

2ℎଵ

𝑠
൰ + ൬

2

𝑔
൰ ൫(ℎ)(2𝑠 + 𝑐 − 𝑥) + (ℎଵ)(2𝑠 + 𝑐 + 𝑥) + 𝑐ଶ − 𝑐𝑥 + 2𝑥ଶ൯ + 𝑔൨ 

 

𝑀 = 2𝑚 ൬
𝑏

2
൰ ൬

2ℎ

𝑠
+

2ℎଵ

𝑠
൰ + ൬

2

𝑔
൰ ൫(ℎ)(2𝑠 + 𝑐 − 𝑥) + (ℎଵ)(2𝑠 + 𝑐 + 𝑥) + 𝑐ଶ − 𝑐𝑥 + 2𝑥ଶ൯ + 𝑔൨ 

 
 
 

 
𝑑𝑀

𝑑𝑥
= 0 

 
𝑑𝑀

𝑑𝑥
= −ℎ + ℎଵ − 𝑐 + 4𝑥 = 0 

 
𝑑𝑀

𝑑𝑥
= −(ℎ − ℎଵ) − 𝑐 + 4𝑥 = −2𝑐 + 4𝑥 = 0 

 

∴ 𝑥 =
𝑐

2
 

 

 
 

𝑑ଶ𝑀

𝑑𝑥
= 4 

 
𝑑ଶ𝑀

𝑑𝑥
> 0 

 

∴
𝑑𝑀

𝑑𝑥
= 0 𝑟𝑒𝑠𝑢𝑙𝑡𝑠 𝑖𝑛 𝑎 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑣𝑎𝑙𝑢𝑒 

 
 
 
 

𝑀 = 2𝑚 ቈ൬
𝑏

2
൰ ൬

2ℎ

𝑠
+

2ℎଵ

𝑠
൰ + ൬

2

𝑔
൰ ቆ(ℎ) ቀ2𝑠 + 𝑐 −

𝑐

2
ቁ + (ℎଵ) ቀ2𝑠 + 𝑐 +

𝑐

2
ቁ + 𝑐ଶ − 𝑐 ቀ

𝑐

2
ቁ + 2 ቀ

𝑐

2
ቁ

ଶ

ቇ + 𝑔 

 
 
 



 
 
 
 
 
 
 
 
 
 
Set 𝑀 = 𝑀 
 

Set 𝑚 =
௧మி

ସ
 

 
Set 𝑏 = 𝑏 
 
 
 
 
 
Rearranging terms 
 
 
 
 
 
AISC Design Guide 4 Table 3.4. 
Equation (for Unstiffened 
Column Flange) 
 
 
 
 
 
 
 

 

𝑀 = 2𝑚 ൬
𝑏

2
൰ ൬

2ℎ

𝑠
+

2ℎଵ

𝑠
൰ + ൬

2

𝑔
൰ ൭(ℎ) ቀ2𝑠 +

𝑐

2
ቁ + (ℎଵ) ൬2𝑠 +

3𝑐

2
൰ + 𝑐ଶ −

𝑐ଶ

2
+

𝑐ଶ

2
൱ + 𝑔൩ 

 
 

𝑀 = 2𝑚 ቈ൬
𝑏

2
൰ ൬

2ℎ

𝑠
+

2ℎଵ

𝑠
൰ + ൬

2

𝑔
൰ ቆ(ℎ) ቀ2𝑠 +

𝑐

2
ቁ + (ℎଵ) ൬2𝑠 +

3𝑐

2
൰ + 𝑐ଶቇ + 𝑔 

 
 
 

𝑀 = 2 ቆ
𝑡ଶ𝐹௬

4
ቇ ቈቆ

𝑏

2
ቇ ൬

2ℎ

𝑠
+

2ℎଵ

𝑠
൰ + ൬

2

𝑔
൰ ቆ(ℎ) ቀ2𝑠 +

𝑐

2
ቁ + (ℎଵ) ൬2𝑠 +

3𝑐

2
൰ + 𝑐ଶቇ + 𝑔 

 

𝑀 = ൭
𝑡2𝐹𝑦

2
൱ ቈቆ

𝑏

2
ቇ ൬

2ℎ

𝑠
+

2ℎଵ

𝑠
൰ + ൬

2

𝑔
൰ ቆ(ℎ) ቀ2𝑠 +

𝑐

2
ቁ + (ℎଵ) ൬2𝑠 +

3𝑐

2
൰ + 𝑐ଶቇ + 𝑔 

 

𝑀 = ൫𝑡2𝐹𝑦൯ ቆ
𝑏

2
ቇ ൬

ℎ

𝑠
+

ℎଵ

𝑠
൰ + ൬

2

𝑔
൰ ൭(ℎ) ቀ𝑠 +

𝑐

4
ቁ + (ℎଵ) ൬𝑠 +

3𝑐

4
൰ +

𝑐ଶ

2
൱ +

𝑔

2
൩ 

 
 

𝑀 = ൫𝑡2𝐹𝑦൯ ቈቆ
𝑏

2
ቇ ቆℎଵ ൬

1

𝑠
൰ + ℎ ൬

1

𝑠
൰ቇ + ൬

2

𝑔
൰ ቆℎଵ ൬𝑠 +

3𝑐

4
൰ + ℎ ቀ𝑠 +

𝑐
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