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Table A.1 Typical graphs, their area and centroid position
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Table A.2 Multiplication of two bending moment diagrams (EI = const)
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Tabulated data for standard uniform beams:

Table A.3 and A.4 contain the reactions at supports for uniform fixed—pinned
(rolled) and fixed—fixed beams subjected to different exposures. Table A.5 and A.6
present the reactions at supports for beams with sliding and elastic supports, respec-
tively. These tables show the actual direction for reactive forces and moments. The
bending moment diagrams are traced on the side of the extended fibers. Parameter
i = EI/l is the bending stiffness per unit length. Parameter u is related to the fixed
support, i denotes the depth of the cross section and « is the coefficient of thermal
expansion.

The tables for the reactions of single-span beams with stepped flexural stiffness
are presented Table A.7 and A.8

Table A.3 Reactions of fixed-pinned beams

ElL o h
A T B
—
Reactions and bending Expressions for bending
No| Loading conditions moment diagrams moments and reactions
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Table A.3 (continued)

Appendix

No| Loading conditions

Reactions and bending
moment diagrams

Expressions for bending
moments and reactions
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Unit reactions of nonuniform standard members:
Table A.7 and A.8 present the reactive moments for fixed—pinned and fixed—fixed

elements with stepped bending stiffness. For both cases u = (El;/El;) — 1, a =
l4+eu, b=1+epu, c=1+&p, f=1+¢p

Table A.7 Fixed—pinned beam with stepped bending stiffness

A B
El EL IS’&I}(I
e ﬂ <
! —g—
3 3ET
Rg=——4ql R Ry=—" R
RB‘L L BT B, l

Table A.8 Fixed—fixed beam with stepped bending stiffness

IEEEEEA
A B
El, EL }.__|
y %—2| B -N"\\\ A=1 A
=R :MB A
R
RB,} B
9bf —8c> 6b EI 4c¢ EI
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566 Appendix

Example. For beam shown below to find the bending moments at supports B
and C.

Py Py
LB L3
Jxazaxxxxazzazaznizzzzz R B4

D
A 98 5y e g Mp=-0l 17¢1% = 0.075P, 1 + 0.044 P,
|

M =-0.033g1% = 0.075P,] +0.178 P,

Two span beams with different spans:

The bending moment at support B and

maximum bending moment at the first el kb

and second spans may be calculated by YV VYV Vv v v v v v ¥
formula M = kgql?. Parameters k is .c&:x.

presented in Table A.12. 4 I l Bl b ¢

Table A.12 Bending moments due to uniformly distributed load

Load g, is applied in Load g is applied in Load ¢ = ¢, = g is applied
the first span only the second span only both in the first and second
span
11112 MB Mlmax MB MZmax MB Mlmax MZmax
1.0 —0.063 0.095 —0.063 0.095 —0.125 0.070 0.070
1.1 —0.079 0.114 —0.060 0.096 —0.139 0.090 0.065
1.2 —0.098 0.134 —0.057 0.097 —0.153 0.111 0.059
1.3 —0.119 0.155 —0.054 0.098 —0.174 0.133 0.053
1.4 —0.143 0.178 —0.052 0.099 —0.195 0.157 0.047
1.5 —0.169 0.203 —0.050 0.100 —0.219 0.183 0.040
1.6 —0.197 0.228 —0.048 0.101 —0.245 0.209 0.033
1.7 —0.227 0.256 —0.046 0.102 —0.274 0.237 0.026
1.8 —0.260 0.285 —0.045 0.103 —0.305 0.267 0.019
1.9 —0.296 0.315 —0.043 0.103 —0.339 0.298 0.013
2.0 —0.333 0.347 —0.042 0.104 —0.375 0.330 0.008
22 —0.416 0.415 —0.039 0.106 —0.455 0.398 0.001
2.4 —0.508 0.488 —0.037 0.107 —0.545 0.473 a
2.6 —0.610 0.570 —0.035 0.108 —0.645 0.553 4
2.8 —0.722 0.655 —0.033 0.109 —0.755 0.639 4
3.0 —0.844 0.743 —0.031 0.110 —0.875 0.730 4
Factor qil3 al3 913 al3 ql; ql3 ql;

2 Within the second span the bending moments are negative
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Two span beam with equal spans:

(Odd sections are not shown) 0 % 4|1 6 1|O 12
A4 li B I | €

| | |

Table A.13 Influence lines for bending moments and shear forces

Position Ordinates of influence lines of bending moments at sections Ordinates of

of the load | (factor [) influence

P =1 1 2 3 4 5 6 line Qy

0 0.0 0.0 0.0 0.0 0.0 0.0 1.0000

1 0.1323 0.0976 0.0632 0.0285 —0.0060 —0.0405 0.7928

2 0.0988 0.1976 0.1298 0.0619 —0.0061 —0.0740 0.5927

3 0.0677 0.1354 0.2031 0.1041  40.0051 —0.0938 0.4062

4 0.0402 0.0803 0.1205 0.1606 +0.0340 —0.0926 0.2407

5 0.0172 0.0343 0.0516 0.0687 +0.0860 —0.0636 0.1031

[ 0.0 0.0 0.0 0.0 0.0 0.0 0.0

7 —0.0106 —0.0212 —0.0318 —0.0424 —0.0530 —0.0636 | —0.0636

8 —0.0154 —0.0309 —0.0463 —0.0617 —0.0772 —0.0926 | —0.0926

9 —0.0156 —0.0313 —0.0469 —0.0626 —0.0782 —0.0938 | —0.0938

10 —0.0123 —0.0247 —0.0370 —0.0494 —0.0617 —0.0740 | —0.0740

11 —0.0068 —0.0135 —0.0203 —0.0270 —0.0338 —0.0405 | —0.0405

12 0.0 0.0 0.0 0.0 0.0 0.0 0.0

Example. Force P is located at section 8. Calculate the bending moment at speci-
fied points and construct the bending moment diagram.

0.0926P! lP

BT 0.1605P1

R,=0.0926P Ry=0.8519P

R=0.2407P

Solution. 1. Bending moment at the section 6 (support B) is Mg = —0.0926P!.

2. Reaction of support A is R4 = 0.0926 P kN and directed downward.

3. Reaction at support C

i
Rc — ZMB =0: RcZ—P§+0.0926Pl=O

P
— Rc = 37 0.0926 P = 0.2407 P kN
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4. Reaction at support B:
Rp — Z Y=0:—-P—-0.0926P +0.2407P + Rp =0 - Rp =0.8519P kN

5. Bending moments at section 8 is

2 2
Ms = Rc gl = O.2407P§l = 0.1605P1.

Since the structure is symmetrical and points 4 and 8 are symmetrically located,
then bending moments Mg (if load P is located at point 8) and M4 (if load P is
located at point 4) are equal. Last bending moment may be taken immediately from
Table A.13. The same result (Mg = 0.1605P[) may be obtained for point 4, if load
P is located at the same point 4 (the points 4 and 8 are symmetrically located).
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Beams with three different spans.

The load ¢ is applied at the first span:

The bending moments at supports

B and C are

q1
Mg = —kyql?. Mc = kyql?. “_‘CZJ AAR" *_;_B _§_ _Lg)_

Paramcters ky and k, are presented | h | b | s |

in Table A.14.

Table A.14 Bending moments at supports B and C (factor ¢/?)

1 I3:1

7, 0.3 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

03] k| 0.034 0.033 0.033 0.032 0.032 0.032 0.031 0.031 0.031 0.031
k.| 0.013 0.012 0.010 0.009 0.008 0.007 0.007 0.006 0.006 0.005

04| k| 0.041 0.041 0.040 0.040 0.039 0.039 0.038 0.038 0.038 0.038
k| 0.016 0.015 0.012 0.011 0.010 0.008 0.008 0.007 0.007 0.006

0.6| k[ 0.053 0.053 0.052 0.051 0.051 0.050 0.050 0.050 0.050 0.049
k[ 0.021 0.019 0.016 0.014 0.013 0.011 0.010 0.010 0.009 0.008

0.8] k| 0.062 0.062 0.061 0.060 0.060 0.059 0.059 0.059 0.058 0.058
k| 0.024 0.022 0.019 0.017 0.015 0.013 0012 0011 0.010 0.010

1.0| ki 0.069 0.069 0.068 0.067 0.067 0.066 0.066 0.066 0.065 0.065
ko[ 0.027 0.024 0.021 0.019 0.017 0.015 0.014 0.013 0.012 0.011

1.2| k| 0.075 0.074 0.074 0.073 0.072 0.072 0.072 0.071 0.071 0.071
k[ 0.029 0.027 0.023 0.020 0.018 0.016 0.015 0.014 0.013 0.012

14| k| 0.079 0.079 0.078 0.078 0.077 0.077 0.076 0.076 0.076 0.076
k| 0.031 0.028 0.024 0.021 0.019 0.017 0.016 0015 0.013 0.013

1.6| ky| 0.083 0.083 0.082 0.081 0.081 0.080 0.080 0.080 0.080 0.079
k[ 0.032 0.029 0.026 0.023 0.020 0.018 0.017 0.015 0.014 0.013

1.8| ki| 0.086 0.086 0.085 0.085 0.084 0.084 0.084 0.083 0.083 0.083
k[ 0.033 0.031 0.027 0.023 0.021 0.019 0.017 0.016 0.015 0.014

2.0| k[ 0.089 0.089 0.088 0.087 0.087 0.087 0.086 0.086 0.086 0.086
k| 0.034 0.032 0.028 0.024 0.022 0.020 0.018 0.017 0.015 0.014

Example. Calculate the bending moment at the supports B and C if [; = 8m, I, =
10m, /3 = 6 m and uniformly distributed load ¢ = 2kN/m is applied at the first

span.

Solution. Relationships [/l = 0.8, I3/l = 0.6. For this case k;

ko =0.019.

Bending moments at supports B and C are:

0.061,

Mp = —0.061 x 64 x 2 = =7.808 kNm, Mc =0.019x 64 x2 = 2.432kNm.
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Beam with three different spans.

The load ¢ is applied at the second span:

The bending moments at supports

B and C are

7

Mg = —kiql?, Mc = —kaql?. fm _g_

Parameters k; and k, are presented / | h | ls |

in Table A.15. ' ' '

Table A.15 Bending moments at supports B and C (factor qlzz)

ll Ly: Iy

7, 0.3 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

03| k;| 0.070 0.072 0.075 0.078 0.080 0.081 0.083 0.083 0.085 0.086
ky| 0.070 0.064 0.055 0.048 0.043 0.038 0.035 0.031 0.030 0.027

04| ki| 0064 0.066 0.0609 0.072 0.073 0.075 0.076 0.077 0.079 0.079
kol 0.072 0.066 0.056 0.050 0.044 0.040 0.036 0.033 0.031 0.028

0.6 k| 0.055 0.057 0.060 0.062 0.063 0.064 0.066 0.067 0.068 0.069
ky| 0.077 0.069 0.060 0.052 0.047 0.042 0.038 0.035 0.033 0.030

0.8 k| 0.048 0.050 0.052 0.054 0.056 0.057 0.058 0.059 0.060 0.061
ka[ 0.078 0.071 0.062 0.054 0.049 0.044 0.040 0.037 0.034 0.032

1.0| k| 0.043 0.044 0.047 0.048 0.050 0.051 0.052 0.053 0.054 0.054
ky| 0.080 0.074 0.064 0.056 0.050 0.045 0.041 0.038 0.035 0.033

1.2| ky| 0.038 0.040 0.042 0.044 0.045 0.046 0.047 0.048 0.049 0.049
ko[ 0.082 0.075 0.065 0.057 0.051 0.046 0.042 0.039 0.036 0.033

1.4 k¢ 0.035 0.036 0.038 0.040 0.041 0.042 0.043 0.044 0.044 0.045
k| 0.082 0.077 0.066 0.058 0.052 0.047 0.043 0.040 0.037 0.034

1.6 k| 0032 0.033 0.035 0.037 0.038 0.038 0.039 0.040 0.041 0.041
k| 0.084 0.078 0.068 0.059 0.053 0.048 0.044 0.040 0.037 0.035

1.8] k;| 0.030 0.031 0.033 0.034 0.035 0.036 0.036 0.037 0.038 0.038
k| 0.085 0.078 0.067 0.060 0.054 0.049 0.044 0.041 0.038 0.035

2.0 ky| 0.027 0.029 0.030 0.032 0.033 0.034 0.034 0.035 0.035 0.036
ky| 0.086 0.079 0.069 0.061 0.055 0.049 0.045 0.041 0.038 0.036
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Beam with three different spans.

The load ¢ is applied at the third span:

The bending moments at supports

B and C are

93
MB =k1ql§, MC =—k2ql32. 4 _§_ C_‘g_ll I I_g_lD

Paramelters k; and k, are presented I h | b | I |

in Table A.16.

Table A.16 Bending moments at supports B and C (factor ¢/3)

ll 13 b

b 0.3 0.4 0.6 0.8 1.0 1.2 1.4 1.6 1.8 2.0

03| k;| 0.013 0.016 0.021 0.024 0.027 0.029 0.031 0.032 0.033 0.034
ky| 0.034 0.041 0.053 0.062 0.069 0.075 0.079 0.083 0.086 0.089

04| k;| 0.012 0.015 0.019 0.022 0.024 0.027 0.028 0.029 0.031 0.032
ky| 0.033 0.041 0.053 0.062 0.069 0.074 0.079 0.083 0.086 0.089

0.6] k;| 0.010 0.012 0.016 0.019 0.021 0.023 0.024 0.026 0.027 0.028
k| 0.033 0.040 0.052 0.061 0.068 0.074 0.078 0.082 0.085 0.088

0.8| k;| 0.009 0.011 0.014 0.017 0.019 0.020 0.021 0.023 0.023 0.024
k| 0.032 0.040 0.051 0.060 0.067 0.073 0.078 0.081 0.085 0.087

1.0| k;| 0.008 0.010 0.013 0.015 0.017 0.018 0.019 0.020 0.021 0.022
ky| 0.032 0.039 0.051 0.060 0.067 0.072 0.077 0.081 0.084 0.087

1.2 k;| 0.008 0.008 0.011 0.013 0.015 0.016 0.017 0.018 0.019 0.020
k| 0.032 0.039 0.050 0.059 0.066 0.072 0.077 0.080 0.084 0.087

14| ky[ 0.007 0.008 0.010 0.012 0.014 0.015 0.016 0.017 0.017 0.018
k| 0.031 0.038 0.050 0.059 0.066 0.072 0.076 0.080 0.084 0.086

1.6 k;| 0.006 0.007 0.010 0011 0.013 0.014 0.015 0.015 0.016 0.017
k| 0.031 0.038 0.050 0.059 0.066 0.071 0.076 0.080 0.083 0.086

1.8 ki| 0.006 0.007 0.009 0.010 0.012 0.013 0.013 0.014 0.015 0.015
ko[ 0.031 0.038 0.050 0.058 0.065 0.071 0.076 0.080 0.083 0.086

2.0 ky| 0.005 0.006 0.008 0.010 0.011 0.012 0.013 0.013 0.014 0.014
k| 0.031 0.038 0.049 0.058 0.065 0.071 0.076 0.079 0.083 0.086
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Influence lines for shear force at section 6 are shown below.

N SRR SR

<t o~
o 0
ISl oy !
— (=] '
> < : right
1 1 H
IL(Q]
o T oo o o~
o == x©
D N DD D =3
=} —- 33 © &
(=] S o= O =]

Example. Force P is applied at point 8. Construct the bending moment diagram.

Solution.

1.

Bending moment at point 6 (support B) is Mg = —0.0789P/.

2. Ordinate of influence line Q¢ = —0.0789, so reaction of support 4 is R4y =

0.0789P and directed downward.

. Since Qgght = —R4 + Rp = 0.6913P, then reaction of support B is

Rp = R4+ 0.6913P = 0.0789P + 0.6913P = 0.7702P.

2
. Reaction of support D: Rp — Y Mc = —Rpl + R42]— Rpl + Pgl =0—

Rp = 0.0543P

. Bending moment at point 12 (support C) is M1, = —0.0543 P/. The same result

may be taken immediately from Table A.15 for section 6, if load P is located at
section 10.

Final bending moment diagram is presented below.

0.0789P! lP 0.0543P1

A ?

MW C "
S

R,=0.0789P Rp=0.7702P R~=0.363P Rp=0.0543P
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Beams with equal spans. Settlements of supports

Appendix

Bending moments at supports are M = k(EI/I?) A, where A is a vertical settlement
of support directed downward. Coefficient k is presented in Table A.18.

Table A.18 Bending moments due to the settlements of supports (factor E1A/I?)

Settlement of support

Supports

Design diagram of the beam moments | A B C D E

A B C
m My —1.500 3.000 —1.500 - -

A B C D

Mjy —1.600 3.600  —2.400 0400 -

-&- _Z_ _3_ —3— M 0.400  —2.400 3.600 —1.600 -

4 B C D E Mp —1.6072  3.6429 —2.5714  0.6429 —0.1072
L 3 X x| M 04286 —2.5714 42857 —2.5714  0.4286

PPN NN My —0.1072  0.6429 —2.5714  3.6429 —1.6072

Example. Three-span uniform beam ABCD with equal spans has settlement Ag ()
of support B. Calculate the bending moment at all supports.

Solution.

1. Bending moment at support B is Mg = 3.6(El/I?) A (extended fibers below of

the neutral line).

2. Bending moment at support C is M¢

of the neutral line).

—2.4(EI/I*) A (extended fibers above
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A. Foci points:

Each span of a beam contains two foci points. They are left and right points. If
loaded spans are located to the right of the span [,, then the bending moment dia-
gram in all left spans is passing through left foci points only. These foci points are
indicated FL, FE .

If loaded spans are located to the left of the span [,, then the bending moment
diagram in all right spans is passing through right foci points only, which indicated
as FROFR .

The left and right foci quotients connect consecutive support moments as follows:

L Mn—l L Mn
kpoy =—7——. ky =—
Mn—2 Mn—l
kR _ Mn kR o Mn—l
S T =T,
n+1 n
MH
~—-W_l FR, el | Loaded span ]
B FL FR ST T 5
n=2 M n  Elastic curve
| ln—l !n—l
M

n—1
Loaded span Hmm

ha— S

Fig. A.1 (a) Explanation of the left foci points. (b) Explanation of the right foci points. (¢) Fo-
cus relationships for pinned and fixed supports. (d) Continuous beam. Notation, bending moment
diagram in the given structure due to applied load, left and right foci points



576 Appendix

The left recursive relationship for next (n 4 1) span in terms of the previous left foci
quotient kL is as follows

/ 1
kL =2 (2——).
n+1 +ln+1 ( k’%)

The right recursive relationship for previous (n — 1)-th span in terms of the next
right foci quotient kR is

I 1
kR =24 2 (2——).
n—1 ln—l kf

Case a. If the very left support O is pinned then the left focus for the first span coin-
cides with support 0 and the left focus quotient becomes le = —(M/My) =oo0.
Similarly, if the very right support is pinned then for the last span, the right focus

. . R _
quotient is k. = oc.

Case b. If the very left support O is clamped, then the left focus quotient is for
first span equals two. It means that if a very left support is clamped and first span
is unloaded then a moment at the clamped support is twice less than in the next
pinned support. Similarly, if a last support is clamped and last span is unloaded then
a moment at the clamped support is twice less than in the previous pinned support.

If load is applied only within one span [, then distribution of bending moments
is shown below. The left foci points on right spans and right foci points on left spans
are not shown. The nil points ¢; and c;, which are located within a loaded span, are
not foci.
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I
Table A.21 Load characteristic D = [ Q%(x)dx for analysis of gentile cables
0
Loading Load characteristic D
P
al a
i PUAE(—E). &=
1 \ 4 i
et e
1 ora; = 5
2 P
| i 12
q
3 AE]:]:B o
| [ 45
4 qu FEIE
|2 2 80
—a r
213 a P
T EEY ‘]1—2[1+12$1y1(1—51)(1+y1)], 51:7', =g
DR S 23
l 1
q1—2 [1 + 3}/1 + 3)/12] fOI'al = E
b
273
q°l b w
1+ =38R +(6—4B)p%], B=-. y=—
. R 12[ BBy +( B B*v]. B TR p
I EAEEEERZ
/ 273 273
| | 5 z] Lo
—h = forb==; T—.4 forb=1w=
B |:+y+l6y or 3 T or l,w=gq
4 b2 ¢*r 2 2.2 2 _ 2
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A S
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Table A.22 Reactions of beams subjected to compressed load and unit settlement of support,

[P
v=] E

Pinned-clamped beam

Clamped-clamped beam

i S

i
R R=37(p](u)

T M =3igw)

—

M

A Mp
Py Ee N P
' L ¥

! .
Rt—' R=6p,(v)
digy(v) Dyﬁﬂj] M = 4igy(v)

M,
Vid |
=
R
2 ; i
S v-dtaw | 5o
M P
P_fil_| %_ P —
T ol A
\7]74__}) l
. L ot
v T V=i
éﬁﬂjjj]]Mzivtan v Sin v tan v
Clamped-free beam
Pinned-pinned beam 1
v 5l - r
| \"\\\‘
M T e——P
4 S S
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Appendix

I)
Table A.23 Reactions of compressed-bent beams; v =/ ,/ i

Beam under concentrated load F
and axial compressive force P

Beam under uniformly distributed
load ¢ and axial compressive force P

Pinned—pinned
beam

P lF B P P‘\l/$$\1/q$$4 b
Lo B & =%

! ql? v
M =1 (sec=—1

2) 2w 2 (2) 2 (SCC 2 )

/ FI? vov 1 ql* v v?

)= —=(tanz— = -)= sec = —1— —
Y (2) 2E10 (anz 2) Y (2) Elv* (gec 2 8 )

F q
P J, . P EREEEERX P P
Pinned-clamped _2_ ! _Z_ :

beam

M(l)=—F]—————=—
sin v — v cos v
sinE
l
M(—):Fl : 2
2 sin v — VCoS U
v sin— 1
Cos— — —= — —
2 v 2

M(l)=—£ 2 —.vsinv —2cos v
2v  sinv —vcosv

Clamped-clamped
beam

M (i) = F_ZtanE
2 2v 4Fl
v
M©O) = M() = —Etallz

1(5) = s (5 -3)

Iy _ ql* v
M (5) =20 <U CSzE —2)

i =—9C (1Z Vel
Mo =m0 =-1; (1 zcotz)

! ql* voowv
Y (E) T 2E] (tanZ Z>
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Table A.24 Special functions for stability analysis

583

Functions Form 1 Form 2 Maclaurin series
v’tan v 1 wv’sinv v vt
¢1(v) 3(tanv — v) 3 sinv — vcos v I_E_£+"'
v(tanv — v) 1 wvsinv — vZcosv v 11t
#2(v) sanv (nl - 2) | 42=2eosu=vsinw T30 25200
v(v— szin v)2 1 v(v—sinv) v? 13v*
() asinv(@n2—2)|  22=2eosu—vsiny 60 " 25200
v 22 1 vlsinv v? vt
¢ (V) o1 (E) 6 2sinv — v — vCOS U = 60 84000
3 3 2 4
() v 1__vieosv IPE=CApR A
3(tanv — v) 3 sinv — vcos v 5 525
v 1 v31 + cosv) v? v
n2(v) n <5) 12 2sinv — v — vcos U T 10 8400
v v v v Tt
sin v sin v sin v +?+%+
v v vcos - v_2 _ U_4
tan v tanv sin v 3 45
vsinv , , vt
vtan v vtan v 04+v 4+ — +
cosu

Numerical values of these functions in terms of dimensionless parameter v are presented in

Table A.25

Table A.25 Special functions for stability analysis by Displacement method

U @1 (V) @2 (V) @3(v) @4(v) n1(v) (V)

0.0 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
0.2 0.9973 0.9980 1.0009 0.9992 0.9840 0.9959
0.4 0.9895 0.9945 1.0026 0.9973 0.9362 0.9840
0.6 0.9756 0.9881 1.0061 0.9941 0.8557 0.9641
0.8 0.9566 0.9787 1.0111 0.9895 0.7432 0.9362
1.0 0.9313 0.9662 1.0172 0.9832 0.5980 0.8999
1.1 09164 0.9590 1.0209 0.9798 0.5131 0.8789
1.2 0.8998 09511 1.0251 0.9757 0.4198 0.8557
1.3 0.8814 0.9424 1.0298 0.9715 0.3181 0.8307
14 0.8613 0.9329 1.0348 0.9669 0.2080 0.8035
1.5 0.8393 0.9226 1.0403 0.9619 0.0893 0.7743
/2 0.8225 0.9149 1.0445 0.9620 0.0000 0.7525
1.6 0.8153 09116 1.0463 0.9566 —0.0380 0.7432
1.7 0.7891 0.8998 1.0529 0.9509 —0.1742 0.7100
1.8 0.7609 0.8871 1.0600 0.9448 —0.3191 0.6747
1.9 0.7297 0.8735 1.0676 0.9382 —0.4736 0.6374
2.0 0.6961 0.8590 1.0760 0.9313 —0.6372 0.5980
2.1 0.6597 0.8437 1.0850 0.9240 —0.8103 0.5565
2.2 0.6202 0.8273 1.0946 09164 —0.9931 0.5131

(continued)
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Table A.25 (continued)

v ¢1(v) (V) @3(v) p4(v) n1(v) n2(v)
2.3 0.5772 0.8099 1.1050 0.9083 —1.1861 0.4675
2.4 0.5304 0.7915 1.1164 0.8998 —1.3895 0.4198
2.5 0.4793 0.7720 1.1286 0.8909 —1.6040 0.3701
2.6 0.4234 0.7513 1.1417 0.8814 —1.8299 0.3181
2.7 0.3621 0.7294 1.1559 0.8716 —2.0679 0.2641
2.8 0.2944 0.7064 1.1712 0.8613 —2.3189 0.2080
2.9 0.2195 0.6819 1.1878 0.8506 —2.5838 0.1498
3.0 0.1361 0.6560 1.2057 0.8393 —2.8639 0.0893
3.1 0.0424 0.6287 1.2252 0.8275 —3.1609 0.0207
b4 0.0000 0.6168 1.2336 0.8225 —3.2898 0.0000
3.2 —0.0635 0.5997 1.2463 0.8153 —3.4768 —0.0380
33 —0.1847 0.5691 1.2691 0.8024 —3.8147 —0.1051
3.4 —0.3248 0.5366 1.2940 0.7891 —4.1781 —0.1742
3.5 —0.4894 0.5021 1.3212 0.7751 —4.5727 —0.2457
3.6 —0.6862 0.4656 1.3508 0.7609 —5.0062 —0.3191
3.7 —0.9270 0.4265 1.3834 0.7457 —5.4903 —0.3951
3.8 —1.2303 0.3850 1.4191 0.7297 —6.0436 —0.4736
39 —1.6268 0.3407 1.4584 0.7133 —6.6968 —0.5542
4.0 —2.1726 0.2933 1.5018 0.6961 —7.5058 —0.6372
4.1 —2.9806 0.2424 1.5501 0.6783 —8.5836 —0.7225
4.2 —4.3155 0.1877 1.6036 0.6597 —10.196 —0.8103
4.3 —6.9949 0.1288 1.6637 0.6404 —13.158 —0.9004
4.4 —15.330 0.0648 1.7310 0.6202 —21.780 —0.9931
4.5 227.80 —0.0048 1.8070 0.5991 +221.05 —1.0884
4.6 14.669 —0.0808 1.8933 0.5772 7.6160 —1.1861
4.7 7.8185 —0.1646 1.9919 0.5543 0.4553 —1.2865
4.8 5.4020 —0.2572 2.1056 0.5304 —2.2777 —1.3895
49 4.1463 —0.3612 2.2377 0.5054 —3.8570 —1.4954
5.0 3.3615 —0.4772 2.3924 0.4793 —4.9718 —1.6040
5.2 2.3986 —0.7630 2.7961 0.4234 —6.6147 —1.8299
5.4 1.7884 —1.1563 3.3989 0.3621 —7.9316 —2.0679
5.6 1.3265 —1.7481 4.3794 0.2944 —9.1268 —2.3189
5.8 0.9302 —=2.7777 6.2140 0.2195 —10.283 —2.5939
6.0 0.5551 —5.1589 10.727 0.1361 —11.445 —2.8639
6.2 0.1700 —18.591 37.308 0.0424 —12.643 —3.1609
2% 0.0000 —00 400 0.0000 —13.033 —3.2898
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Table A.26 One span beams with classical boundary conditions. Frequency equation and eigen-

values
Eigen Nodal points ¢ = x/I

# |Type of beam Frequency equation n |value A, of mode shape X
1 |Pinned—pinned sink,[ =0 1 3.14159265 |0; 1.0

2 |6.28318531 |0;0.5;1.0

3 19.42477796 |0;0.333; 0.667; 1.0
2 |[Clamped—clamped |cosk,/coshk,] = 1 1 14.73004074 |0; 1.0

2 |7.85320462 |0;0.5;1.0

3 [10.9956079 |0;0.359; 0.641; 1.0
3 |Pinned—clamped [tank,/ —tanhk,/ =0 1 3.92660231 |0; 1.0

2 |7.06858275 |0;0.440; 1.0

3 [10.21017612 |0; 0.308; 0.616; 1.0
4 |Clamped—free coskylcoshk,l = —1 1 1.87510407 |0

2 |4.69409113 |0;0.774

3 |7.85475744 |0;0.5001; 0.868
5 |Free—free cosk,lcoshk,l =1 1 10 Rigid-body mode

2 4.73004074 10.224; 0.776

3 |7.85320462 |0.132; 0.500; 0.868
6 |Pinned—free tank,/ —tanh k,l = 0 1 10 Rigid-body mode

2 3.92660231 |0;0.736

3 |7.06858275 |0;0.446; 0.853




