TABLE 8.5 Shear, moment, slope, and deflection formulas for finite-length beams on elastic foundations

NOTATION: W = load (force); w = unit load (force per unit length); M, = applied couple (force-length); 0, = externally created concentrated angular displacement (radians); A, = externally created
concentrated lateral displacement (length); y = temperature coefficient of expansion (unit strain per degree); T; and T, = temperatures on top and bottom surfaces, respectively (degrees). R4 and
Rp are the vertical end reactions at the left and right, respectively, and are positive upward. M, and My are the reaction end moments at the left and right, respectively, and all moments are positive
when producing compression on the upper portion of the beam cross section. The transverse shear force V is positive when acting upward on the left end of a portion of the beam. All applied loads,
couples, and displacements are positive as shown. All slopes are in radians, and all temperatures are in degrees. All deflections are positive upward and slopes positive when up and to the right.
Note that M, and R, are reactions, not applied loads. They exist only when necessary end restraints are provided.

The following constants and functions, involving both beam constants and foundation constants, are hereby defined in order to permit condensing the tabulated formulas which follow

k, = foundation modulus (unit stress per unit deflection); b, = beam width; and f = (boko/4EI)1/4. (Note: See page 131 for a definition of {x — a)".) The functions cosh fi{x — a), sinh ff{x — a),
cos f{x — a), and sin fi{x — a) are also defined as having a value of zero if x < a.

F, = cosh pxcos fx C; = cosh plcos Bl C,, = sinh? Bl — sin® Bl
F, = cosh fix sin fx + sinh fix cos fx Cy = cosh Blsin I + sinh Bl cos Sl Cy5 = cosh Bl sinh I + cos Bl sin I
F3 = sinh fxsin fi, C3 = sinh flsin fl C,5 = cosh plsinh I — cos flsin fl
F, = cosh fx sin fx — sinh fix cos fix C4 = cosh flsin I — sinh flcos ff] C,, = sinh? Bl + sin® I
F,; = (x — a)° cosh f{x — a) cos fx — a) C,1 =cosh (I —a)cos f(l — a)
F,, = cosh {x — a) sin f{x — a) + sinh f{x — a) cos fi{x — a) C,o = cosh (I — a) sin (I — a) + sinh (I — a) cos f({ — a)
F,3 = sinh fi{x — a) sin f{x — a) Cy3 =sinh (I — a)sin (Il — @)
F,, = cosh f{x — a) sin f{x — a) — sinh f{x — a) cos f{x — a) C,4 = cosh (I — a)sin (I — a) — sinh (I — a) cos (I — a)
Fy=@-a)l-F, Cis=1-Cy
Fos = 2B(x — a)x — @)’ — Fy Cap = 2f(1 = @) = Co
1. Concentrated intermediate load Transverse shear = V = R, F, — y,2EIB*F, — HAZEI[sz;; - M,pF, — WF,;
Y . Ry 5 w
g | Bending moment = M = M, F, +2—5F27yA2EI/3 F379AEI,BF47273FG2
Vol X W My R, W
#m% l Slope = 0 = 0, F +sz +WF3_yAﬂF4_WFa3
T 7 X
¥a y 1 7‘]J Deflection =y = y, F; +%F2 + ZZEM';;? Fs+ 4ER;[33 4= 4Ev¥ﬁ3 ad

If Bl > 6, see Table 8.6
Expressions for Ry, My, 04, and y, are found below for several combinations of end restraints
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TABLE 8.5 Shear, moment, slope, and deflection formulas for finite-length beams on elastic foundations (Continued)

Right
end Free Guided Simply supported Fixed
Left| Ry=0 M =0 R,=0 M, =0 R,=0 M, =0 R,=0 M,=0
end _w CyCus — 2C3C, _w CyCy3 — CyCiy _w C1Cas + C3Cyy _w 2C,Cy3 + C4Cyy
AT 9RIR? Cy, AT 9RIR Cy, AT ORI Cy; AT oRIE  2+Cyy
[}
E Yy = W CyCh — C3Cy Yy = W CCyi + C5Cy3 Yy = W CyCqy + CyCyy vy = W GGy — CyC
AT oI [ AT oI Cyy AT 4RI Ci; AT oRIP 2+ Cy
RAIO OAZO RAIO OA:O RA:O 0A:O RA:O ()AIO
=
7?3) M. — W CyCyp —2C5Cy M, = WCyCy3 — C4Cqyy M, = WC Cap +C3Cyy M, = W2C,Cy3 + C4Cqy
(_55 472 Ciy 2B Cis 2B 1+Cyy 2B Cys
Yo = —W 2C,Cy + C,Cyy gy = —W Cy3Cq + CyCys yy = W CiCyy — C5Cy gy = W CyCyy —2C5C,3
AT 4RI Cys AT 4RI Cu AT4EIP 1+Cy AT 4RI Cyy
= | Ma=0 ya=0 My=0 y,4=0 My=0 y,4=0 My=0 y4=0
>3
a5 R, — WCSCaZ_C4Ca1 R, — Wclca1+CSCa3 R :KCZCa2+C4Ca4 R, — WCZCaS_CICa4
é ; 4 Cis 4 1+Cpy 472 Cuy 4 Cis
” 0, = w Cl CaZ — C2 Cal — w Cl CaS — Cd Cal — w CZ Ca4 — C4 CaZ 0, = w C3 Ca4 _ C4 Ca3
AT oRIp? Cys AT oEIfE 1+ Cy AT 4EIp? Cy 47 2RIp? Cys
04 =0 Ya=0 04=0 Ya=0 04=0 Ya=0 04 =0 Ya=0
T 2C,C,; + C,C, C,C,s + C,C, C3C,s — C, C, 2C5C,5 — C,C,
Q 1%~al 4~a2 4%~a3 2%al 3%~a2 1%“a4 3“~a3d 2%“a4
X Ry=W—9%___—=-¢9 Ry=W—-29>_——="-92 Ry=W—=-—9=_ =292 Ry=W—=-¢_—=-¢
= 4 2+ Cpy 4 Cyy 4 Cis 4 1
wc,C, - CyC wc,C, — CsC wc,C,, —-C,C wc,e,, - C,C
M, =— 1%Ya2 2%Yal M, = — 1%a3 3Val M, = — 2%a4 4%“a2 M, =— 3 “ad 4%“a3
AT 2+ Cpy A7B Cyy A7 2B Cis 478 Ciy
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TABLE 8.5 Shear, moment, slope, and deflection formulas for finite-length beams on elastic foundations (Continued)

2. Partial uniformly distributed load

Ma

it

A

If pl > 6, see Table 8.6
Expressions for Ry, My, 04, and y, are found below for several combinations of end restraints

Transverse shear = V = R, F, — y,2EIf*F, — 0,2EIf*F; — M,pF, — %Faz

Bending moment = M = M, F, +§—2F2 — yu2EIf*F, — 0,EIfF, — Q—Z‘B’ZFG3

My

Slope = 0 = 04 F; + =+ F5 +

2EIp

. 0
Deflection =y = y F; + A F, +

26

R
7AF3 —YaBFy—

% g
2EI > 4EI
M R
- 243 + = 344 2 4 Fa5
2EIf 4EIp 4EIp

Right
end Free Guided Simply supported Fixed
Left RA:O MA:O RAIO MAIO RA:O MAZO RA:O MAIO
end . w GGy —C3C, _w GGy = CyCy . w GG+ CCs 0, = C1Coy + C4Cy5
AT oI Cy, AT 4RI Ciy A7 oI Cys AT 9EIf 2+ Cyy
[}
E Yy = w  CyCy —2C3C3 gy = —w C1Ch +C5Cy vy = —w CyChs + CyCy3 vy = w 2C,Cy5 — CyCy4
AT 4EIR Cy; AT 4EIf Cy, AT 4EIf Cis ATYEIF 2+ Cy
RAZO 0A:0 RA:O ()AIO RAIO OA:O RA—O ()A_O
=
< _w GG — C3C, _ w GGy — CyCy M,o= Y C1Cy5 + C3Cy5 _w Gy +C,Cys
(g 4 242 Cis 4 4p? Ciy 4T 282 1+Cyy 4T 242 Cis
—w GGy +CyCys —w CyCy + CyCyy w GGy — C5C, w  CyCus — C5C,
YA = 1 Ya = 1 Ya = 4 Ya = 4
4EIf Clg 8EIf Cl4 4EIp 1+ C11 4EIp C12
s | Ma=0  y4=0 My=0 y4=0 My=0 y4=0 My=0 y4=0
Q
% % R _ w2CCy3 — C,Cyy R _wC G+ C3Cy R, — w CyCys3 + C4Cys R, — W CyCqy —2C,Cys
'(% ; 47 2B Cis 47 2B 1+Cyy 4728 Ciy 47 2B Cis
’ 0, = w 20, Ch3 — CyCy __w C1Cus — C3C9 __w CyCys — C4Cas 0, = w 2C3C,; — C4Cy
AT 4RI Cis ATUEIP  1+Cy AT 4RIR Cu AT 4EIR Cys
GAZO yA:O HAZO yAIO HA:O yAZO GAIO yA:O
€> R _wC Gy + CyCys R _w GGy + CyC R _wC3C5 — C1Cys R _wC3Cqy — CyCys
= 47 B 2+ Cyy 472 Cyy ATB Cyy A7 B Ci
w 2C,C,5 — C,C, w C,C,—CsC w C,C,—C,C, w 2C,C, - C,C,
M, = — 1>a3 2“a2 M, = — 1%~a4 3“a2 M, = — 2%“ab 4%“a3 M, = — 3“ab 4~a4
4792 24 Gy TS Cis TS Ci3 47 9p Cyy
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