1) Horizontally curved beam fixed at both ends and subjected to concentrated load

As shown in Figure, a concentrated load acts at the point D with an angular distance ® from support B. My and
Ty represent the bending moment and torsional moment at any section C with an angular distance 6 from B.

For portion BD (0 <0 < @)
M,=M,cos0+T,sinf—F,rsinf (1)
To=—M,sinO+T,cosO+(F,rii ()
For portion DA (®, <0 < D)
M,=M,cos0+T,sin0—F,rsin6+Prsin(0—0 ) 3)
To=—M,sin0+T,cosO+{F,rii 4

Applying Castigliano's theorem with U representing the strain energy

M, T,
= 5
U= prrdo+[ —=-rdb ()

At support B
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|52 08 Sinw)+Tb(_—1(cos(2k7—1))+%(cos(2ﬁ—1)))+pbr(<1—;‘

M,[ @ (m+1)—sin @ cos B (m—1)|-T,sin’ & (m—1)+Fbr[sinzﬂ (m—1)+2m(cos & —1)]:Pr

oU _.
Similarly, for 37-~=¢ 0 we can obtain

Similarly, for

oT,

—Mb[sinzﬂ (m—l)]+Tb[,@ (m+1)+sin & cos & (m—l)]+Fbr[2msinH — @ (m+1)—sin @ cos) (10)

JF, 0 we can obtain



Mb[sinzﬂo(m—1)+2m(cosﬂ —1)]+Tb[2msinﬂ — @ (m+1)—sin @ cos & (m—1)[+F,r[@ (m- (11)

Let
a,=8 (m+1)—sin @ cos @ (m—1) (12)
b,=sin’ 0 (m—1) (13)
c,=sin’ B (m—1)+2m(cos @ —1) (14)
(m—1)

d,=(m—1)cos & O(Sinzﬁ —sin’ @ 0)+sinﬂ O(H -0 0)(m+1)—sinﬂ 0

(sin2.8 —sin2.8, (15)

a,=b, (16)
b,=@ (m+1)+sin @ cos@ (m—1] (17)
c,=2msin @ — @ (m+1)—sin & cos @ (m—1) (18)

d,=—cos & (0 — @ 0)(m+1)—%cosﬁO(m—l)(siHZH —sin2 @ ;)—(m—1)sin @ O(Sinzﬁ —sin’® (19)

a,=c, (20)
b,=c, (21)
c,=8 (m+1)+sin @ cos @ (m—1)—4msin @ +2m & (22)

d,= (mz_l)cosﬂ o[sin2@ —sin2@ )+(& — 0 0)(cosﬂ 0(m+1)+2m)+(m—1)sinﬂ O(Sinzﬂ - (23)

Then the equations can be simplified into following simultaneous equations

ale_blTb+C1Fbr:d1Pr -
-b,M,+b,T +c,F,r=d,Pr (25)
c,My+c,Ty+cy Fyr=d,Pr (26)

Just need to solve above two simultaneous equations now.

Placing above equation system in matrix form and carrying out operations for matrices the following result can
be obtained.

a —b, ¢
|A|:_b1 b, ¢
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